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Abstract
The containment of a nuclear reactor is the last barrier that avoid the release of
radioactive material; for this reason any excessive load that could jeopardize its
integrity must be avoided.
In case of a severe accident, the heat up of the core and its degradation lead to
the formation of hydrogen following cladding oxidation. Then, hydrogen could
migrate into the containment and accumulate in the upper region, where it could
exceed the concentration's limit for ame propagation. As result hydrogen ex-
plosions could occur threatening containment integrity. For this reason present
containments are inertized or incude many engineering safety features preventing
hydrogen accumulation. These features consist in mixing devices for homogeniz-
ing the atmosphere and hydrogen recombiners. Natural circulation could also
enhance the mixing through ascending and descending ows. Thanks to the re-
cent improvements in computer capabilities, in last decades CFD codes capable
of modeling 3D containment facilities have been developed with the aim of sim-
ulating containment scenarios and proving the safety of nuclear power plants.
The aim of this work consists in understanding and solving some issues related
to the modeling of gas transport and mixing inside a closed volume. Cast3M
nite element CFD code has been adopted to perform all the simulations. In
particular we have focused the attention on simple problems related to pure dif-
fusion processes, where the uid is expected to be at rest. CFD computations
have shown some discrepancies in results since non-physical velocities appear in
the computational domain altering the status of uid. These `spurious velocities'
seem to be linked to the use of an unstructured mesh coupled with a numeri-
cal method, that does not rigorously ensure incompressibility constrains. Due
to the formation of a non-real ow, CFD transient simulations could be aected
by transport phenomena that enhance the mixing inside the volume. As result,
computed scenarios could present non-conservative situations in which hydrogen
does not reach ammability limits.
To decrease the magnitude of these spurious velocities the Helmholtz-Hodge de-
composition method has been adopted. Thanks to this method real improvements
have been achieved in reducing the inuence of numerical errors in the simula-
tions.
Eventually the pure diusion process of chemical species has been coupled with
a simple turbulence model. The aim is to achieve a wider comprehension on the
phenomena that are responsible for the fastening of the mixing process. At the
end of this analysis, a more suitable relation for the mixing-length, that allows
us to better model diusion processes, has been evaluated.
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Introduction
According to the defense-in-depth philosophy, the containment of a nuclear power
plant is the last barrier that opposes to the release of radioactive materials into
the environment. Therefore its integrity should not be jeopardized by excessive
mechanical loads, that could, for example, originate from an excessive pressur-
ization or an hydrogen explosion. For this reason in the last decades a particular
attention was focused on nuclear safety-related hydrogen hazards.
First Three Miles Island (1979) and then Fukushima (2011) accidents proved
that cladding oxidation, following fuel rods heat-up and core degradation, would
produce an amount of hydrogen that could threat the containment building in
case of explosion. During a loss of coolant accident, core temperature increases
rapidly due to the degradation of heat transfer; when a temperature of 1200 °C is
reached at rods' surface (partial core uncovering), the oxidation reaction between
Zirconium and vapor becomes important. As the temperature increases hydrogen
production rate from steel-vapor reaction becomes also relevant. It has been
estimated that the total amount of hydrogen that follows a serious degradation of
the core would exceed the lower limit for ame propagation inside the containment
(for non-inertized containments) [De Boeck, 2001]. Once in the containment,
hydrogen could stratify in the upper zone leading to the formation of a highly
enriched cloud, in which the concentration could exceed ammability limits.
In present containments, engineering safety features are provided to cope with
this problem: sprays systems, passive catalytic recombiners and intake ducts for
ltering the atmosphere are designed to break-up the stratication and to promote
the mixing inside the containment. Moreover, the presence of a gaseous discharge
or buoyancy driven ows could take part of this process enhancing the mixing.
The interaction between an impinging jet and a stratied atmosphere has been
widely investigated in literature (c.f. [Baines and Turner, 1969], [Baines, 1975],
[Mott and Woods, 2009], [Deri et al., 2010]).
Thanks to their three-dimensional character, CFD codes could be powerful means
to investigate complex gas mixing phenomena, despite the required huge com-
putational eort. In fact, in contrast to LP (Lumped Parameter) codes, CFD
codes present a higher resolution of the ow pattern that allows a more pre-
cise prediction of mixing processes. For example, recombiners' location could be
optimized knowing in details the distribution of the mixture inside the whole con-
tainment [Ritterath, 2012]. With the aim to validate CFD codes for predicting
containment scenarios, several organizations have built containment-scaled facili-
ties. These facilities provide experimental data, including stratication condition
and break-up dynamics, necessary to improve modeling capabilities of those code
12
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addressed to this aim. In [Ritterath, 2012], Chapter 2, a brief description of these
facilities is presented.
OECD SETH-II Project
In March 2011, the Organization for Economic Cooperation and Development
(OECD) has launched a benchmark exercise, the SETH-II project, with the aim
to promote the development of CFD codes for the simulation of problems related
with gas mixing in a closed 3D geometry. Participants were asked to simulate
a transient case concerning the interaction between a negative buoyant jet and
a stratied layer for two integral-sized containment facilities: PANDA at Paul
Scherrer Institute in Zürich and MISTRA at Commissariat á l'Energie Atomique
in Saclay-Paris. PANDA facility consists of two identical vessels having diameter
of about 4 m and height of 8 m, interconnected by a pipe with a diameter of 1
m; for the set-up of this benchmark only a vessel was used. MISTRA, instead,
is made by a single vessel with a diameter of 4:25 m and a height of 7:4 m
with an inner compartment consisting of a smaller cylinder surrounded by an
annular diaphragm at mid elevation [Studer et al., 2012]. In both facilities a
highly enriched layer of Helium was set-up in the upper zone of the vessel; during
the experiments this stratied layer is eroded by an impinging jet located near
the wall. The choice of Helium was made for its anity to hydrogen in terms
of physical properties and for its chemically inert behavior. Both PANDA and
MISTRA tests present similar boundary conditions, except for the distance from
the injection location and the stratied layer that is bigger for MISTRA tests.
Moreover Helium reservoir at the top of the facilities is more important in PANDA
tests. In Figure 1 a sketch of the two facilities is presented, indicating also sensors'
locations.
Figure 1: View of MISTRA and PANDA facilities with sensors' locations.
All the test have been compared according to the initial Froude number redened
A.A. 2012/2013 | Roberta Scarpa
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as follows in order to take into account the reservoir eect:
Fr2 =
Ur
g

s air
air
(Hf   Zmin)
i
where Hf is the elevation of the top of the facility and Zmin is the elevation of
the bottom of the stratied layer. For all the test performed for the benchmark
this non-dimensional number varies in the range 0:3  1, which means that the
inertia of the impinging jet is almost equivalent to the buoyancy of the stratied
layer.
Six months after the beginning of the benchmark (September 2011) results com-
puted by the dierent participants have been compared to the experimental mea-
surements. Several CFD codes were tested during this benchmark but the ma-
jority of them shows a conservative behavior in the prediction of the transient
evolution of Helium mass fraction for the upper region of the vessel while there
was an under-estimation of Helium content in the lower part. Dierent results
have been obtained by HSL (Health and Safety Laboratory) with CFX 13.0 code,
which has also provided pure diusion calculations with tetrahedral elements.
They have found that some elements, like the tetrahedral ones, lead to spurious
velocities that, in their case, tend to enhance the stratication preventing the
mixing (Helium and air form two separate layer and no mixing is simulated by
the code).
CEA has also performed CFD simulations on these experiments with the Fi-
nite Element Cast3M/TONUS code, whose results for the MISTRA test called
`LOWMA4' (Fr2 ' 1) are shown in Figure 2 (Helium mass fraction for dierent
heights is plotted vs time).
Figure 2: MISTRA LOWMA4 test: Helium mass fraction evolution in time for dier-
ent heights of the facility (injection at z = 5:00 m). Comparison between
experimental measurements (lines marked with symbols) and CEA results
(solid lines).
In the upper zone of the vessel the mixing process computed by the code is faster
than the one measured experimentally and furthermore the code predicts a value
A.A. 2012/2013 | Roberta Scarpa
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for the Helium mass fraction for the well-mixed condition (asymptotic value) that
is lower than the experimental one. This enhancement in the diusion process
was found also in the other simulations performed by CEA.
Following these results, deeper investigations have been carried out at CEA con-
cerning pure diusion simulations. In the rst stage of this analysis it was found
that the adoption of some type of mesh and numerical methods could lead to
dierent results. The presence of spurious velocities for unstructured meshes was
conrmed but no clear improvements were made in modeling both the diusion
process and the erosion of a turbulent jet.
Aim of the thesis
This thesis work is performed in the frame of the above described SETH-II
project. The aim is to provide a contribution in solving open issues related
to nuclear reactor containments CFD simulations, in order to be able to predict
transient evolutions concerning hydrogen dispersion. In this thesis, we focused on
the unsolved problems that appeared during the OECD benchmark. Our purpose
is to split the integral phenomenon of the erosion of a stratied layer by a jet in
two separate analysis: the study of the diusion process of chemical species and
the jet modeling. The aim is to nd the weaknesses of both CFD models, treated
separately, to better understand the eects of their interaction.
In this work we point the attention to the pure diusion process of chemical
species in a closed volume. As it will be described in detail in Chapter 1, the
use of an unstructured mesh and a numerical method, that does not rigorously
ensure incompressibility constrains, could lead to non-physical velocities in a uid
at rest [Gerbeau et al., 1997]. These spurious velocities could be the reason why
transient CFD simulations show an enhanced mixing: the motion of the uid
inside the domain could aect the transport of chemical species through advective
phenomena. The analysis of advection's inuence on transient simulations is
carried out in Chapter 2.
In Chapter 3 the Helmholtz-Hodge decomposition method is described as a possi-
ble solution to reduce spurious velocities magnitude [Gounand, 2013]. Since some
unstructured meshes show an unstable transient behavior, mostly due to the in-
teraction between buoyancy forces and a strong advective motion, this method
seems to be a powerful mean to assure the stability of the computations and, at
the same time, a strong reduction of numerical errors. The only drawback con-
sists in the huge computational eort required by the decomposition procedure,
that makes the method ecient mostly for 2D and 2D axisymmetric geometries.
For this reason the resolution process for 3D simulations needs to be implemented
with accelerating methods, such as projection methods and multigrid solvers.
In Chapter 4, the turbulent eld generated by velocity gradients is evaluated.
Due to the fact that the computed velocity eld could dier from zero some-
where, spurious eddies could promote the mixing of chemical species, aecting
simulations' results. Our purpose is to understand if and how a simple turbulent
model interacts with the computed ow, in order to have a qualitative idea on the
eects that would occur if we coupled a turbulent jet with a stratied atmosphere.
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Furthermore, in Chapter 5 results obtained from the simulation of the diusion
process of Helium in MISTRA facility are presented.
Eventually, conclusions will be drawn, pointing out the most important results
that have been achieved, and an outline for future works will be oered.
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Chapter 1
Steady-State Stokes Problem
In this Chapter we will focus on a simple steady-state problem in which we expect
that the uid is at rest; CFD simulations have shown some discrepancies in the
results computing a velocity eld that locally diers from zero. Our aim is to
carry out deep investigations on this simple problem to better understand the
origins of these numerical errors. The work is organized as follows:
1. a brief description of the Finite Element Method adopted by Cast3M code
to discretize the computational domain, to make the reader awarer of the
errors inherent in the numerical method;
2. an accurate presentation of the results obtained through mesh convergence
analyses performed for dierent type of mesh.
Moreover, this analysis has been carried out for standard nite elements as well as
for the so called `divergence-free' nite elements, such as the Scott-Vogelius and
the Powell-Sabin ones. These last nite elements have the particular characteristic
of leading to a point-wise divergence-free solution for the velocity, since the nite
element space for the pressure is exactly the divergence of the corresponding space
for the velocity [Zhang, 2011], while for standard elements ru = 0 is true only
in the space where the pressure is dened [Gounand, 2012].
1.1 Discretization of the problem
The Finite Element Method, or FEM, requires a discretization of the computa-
tional domain into nite elements of dierent shapes; then trial functions or
shape functions are adopted to describe the unknowns' trend and obtain the
solution of the problem. In order to solve the Navier-Stokes problem:
@u
@t
+ (ru)  u =  1

rp+ u+ f (1.1a)
r  u = 0 (1.1b)
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into a discretized domain, the unknowns u and p have to be dened as follow:
uh(x) =
nuX
i=1
uiNi(x) (1.2a)
ph(x) =
npX
k=1
pkPk(x) (1.2b)
where Ni(x) and Pk(x) are bases of the chosen space for velocity and pressure
discretization [Gounand, 2012].
The simplest pressure discretization compatible with the problem is characterized
by a constant value inside each element with a discontinuous trend at the ele-
ment boundary; for the velocity instead, the simplest discretization is the linear
discontinuous one, in order to compute the integral of the velocity gradient at the
boundary. The space that satises previous constrains is Sobolev space, Hr(
)
with r  0. To achieve a more precise result, linear interpolation and quadratic
interpolation are recommended to describe pressure and velocity trends respec-
tively, coupled with square nite elements with eight nodes at the boundary and
one in the center (`Q9 elements'). It has been noted [Dabbene, 2003] that their
use assures a stable behavior of the solution and a high convergence order in the
results. As a matter of fact, the Finite Element Method implies an interpola-
tion error due to the discretization of the computational domain. This error, ,
depends on the mesh size x, according to the following relation:
 = axp (1.3)
where a is a constant and p the approximation order. By applying the logarithm
to equation (1.3), we obtain a linear relation between the error, calculated via
norm L2, and the mesh size, in which the slope is dened by the order p. For
`Q9 elements' p is expected to be equal to 3 for velocity approximation, while it
should be equal to 2 for pressure.
Mesh convergence analysis, afterwards described, has the aim to determine the
value of p for dierent types of nite elements and approximation methods applied
to the following steady-state problem:
0 =  rp +r  (ru) + f(z)
r  u = 0
u



= 0
f(z) = f0 [1  cos((z   0:5))] e^z (1.4)
that refers to the equilibrium of a stagnant uid submitted to an external force
f(z) [Studer et al., 2013]. The cosinusoidal prole of the forcing term is a schematic
representation of the stratied layer considered for the SETH-II benchmark ex-
ercise. Following results are obtained imposing f0 = 1[m=s
2] and  = 0:01[m2=s].
The analytical solution of the problem gives u = 0, which means that the forcing
term is counterbalanced only by the pressure gradient:
p(z) =
p(z)

= z   sin((z   0:5))

+ Const : (1.5)
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To solve this problem with Cast3M FE-code, equations (1.4) need to be rewritten
as: Z


[(PDE)u  v + (PDE)p  q] d
 = 0 ; (1.6)
in which we have summed the two Partial Dierential Equations, multiplied by
the respective shape function, v and q, and than we have integrated them over
the volume 
.1
Eventually, PDEs should be solved into the discretized domain ~
 by applying ap-
propriate spatial operators; at the end of this discretization process the following
linear system is achieved:
DTh ph + Lhuh +Dhuh = Ghfh 8~
h 2 ~
 : (1.7)
Spatial operators, that appear in the previous equation (1.7), are dened as fol-
lows:
Lw = hrw;rw0i = 
Z


rw rw0 d


=  
Z


w  u0 d


Gw = hw;w0i =
Z


w w0 d

Dw = hr w; s0i =
Z


(r w)s0 d

DT s = hrs;w0i =
Z


rs w0 d

1This equation derives from the optimization process that allows to get the unique solution
of the problem, i.e. the minimization of the functional associated to the Stokes problem, dened
as:
I(u; p) =
Z



2
kruk2   pr  u

d
 :
Since this functional does not admit a minimum but a saddle point, this problem is called
`minimization problem with constraints'. Writing the functional derivative as:
(v;q)I(u; p) = lim
!0
d
d
h Z



2
kruk2   pr  u

d

+
Z



ru :rv   qr  u  pr  v

d

+2
Z



2
krvk2   qr  v

d

i
and imposing its equivalence to zero 8(v; q), we nally get:
(v;q)I(u; p) =
Z



ru :rv   qr  u  pr  v

d
 = 0 8(v; q) :
If we integrate by parts terms
R


ru :rv d
 and R


 pr  vd
, we obtain:
 
Z


u  v d
+
Z


rp  v d
 
Z


qr  u d
 = 0
that is equivalent to formulation (1.6) [Gounand, 2012].
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with the assumption that w;w0 2 V  H(
) and s; s0 2 Q  H(
), where w and
s are general vector and scalar functions, while the same letters with the prime
symbol refer to the respective shape functions.
CFD calculations have shown some discrepancies in the expected solution mostly
due to numerical diusion problem; it has emerged that the chosen numerical
method could lead to regions in the uid where the velocity is not zero. More-
over, these spurious velocities seem to appear more frequently adopting unstruc-
tured meshes, as explained in [Gerbeau et al., 1997], [Ganesan et al., 2007]. It
was observed, in fact, that an incompressible homogeneous uid subjected to an
external force, f = r, and enclosed in a xed domain (no-slip condition on the
boundary for the velocity), as in our case, could not be at rest everywhere due
to both the numerical method and the type of mesh adopted. In the following
we try to analyze this phenomenon in order to better understand the reasons of
these inaccuracies.
1.2 Mesh convergence analysis
In this section the mesh convergence analysis is presented, pointing the attention
on dierent types of meshes proposed for the Finite Element Method. This analy-
sis has been performed rst on a unit square domain centered in (0; 0) (2D), then
on a mid-square with axisymmetric hypothesis (2D axisymmetric) and eventually
on a unit cube also centered in (0; 0; 0) (3D). For each case three kinds of meshes
are tested: the structured one, the square deformed one and the triangular one.
The second one is made from the regular one by a random translation of nodes
along the axes. This translation is characterized by small standard deviation
so that concave shapes are avoided, which may cause problems while calculat-
ing gradients of the unknowns at the boundary of the single element. Table 1.1
summarizes all the simulations which have been performed varying the numerical
method. For simplicity, we refer to each numerical method with an acronym,
i.e. QUAF stands for `QUAdratic Fluid nite element', that means quadratic
interpolation in a Q9 or T7 element, while QUAD is a quadratic interpolation
in a Q8 or T6 element (Q9 or T7 without the center); LINE stands for linear
interpolation, LINM for linear discontinuous interpolation, LINB for linear plus
center interpolation, LINC for linear non-conforming interpolation and CSTE for
constant value.
The 2D Scott-Vogelius element (SV) derives from a subsequent subdivision of
each triangle in three new triangles created connecting the barycenter to each
vertex; the 2D Powell-Sabin element (PS), instead, is obtained further dividing
each SV-triangle in two more triangles (i.e. we obtain 6 new triangles from the
original one). In Figure 1.1 a simple triangular mesh, Scott-Vogelius one and
Powell-Sabin one are shown in sequence in 2D, in order to outline each splitting
step.
Moving to 3D, SV-tetrahedra are obtained subdividing the original tetrahedron
in four new ones connecting each vertex with the barycenter (see Figure 1.2). On
the other hand, if we rst connect each vertex of a tetrahedra with its incenter,
creating four new tetrahedra, and then we connect the barycenter of each face
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Table 1.1: List of test-cases for steady-state Stokes problem.
Mesh Shape
Shape Function Space Dimension
Velocity Pressure 2D 2D Axisym 3D
Squares QUAF LINM X X X
Squares QUAF LINE X - -
Deformed Squares QUAF LINM X X X
Deformed Squares QUAF LINE X - -
Triangles
QUAF LINM X - -
QUAF LINE X - -
LINB LINE X X X
LINC CSTE+LINE X X X
Triangles
QUAD LINM X X X
(Scott-Vogelius)
Triangles
(LINE)QUAD (CSTE)LINM - - X
(Powell-Sabin)
GIBI FECIT (a) Triangular mesh. GIBI FECIT(b) Scott-Vogelius mesh. Apres (c) Powell-Sabin mesh.
Figure 1.1: Splitting steps to get 2D Powell-Sabin nite element from a basic trian-
gular mesh.
with the adjacent vertices and the incenter (further division in three elements)
(see Figure 1.3), we obtain the PS 3D nite element (i.e. from a single tetrahedra,
12 new tetrahedra are originated) [Zhang, 2011]. To better understand how this
process takes place, in Figure 1.4 it is possible to compare the original tetrahedral
mesh with Scott-Vogelius and Powell-Sabin ones. It should be noted that in 3D
PS-element does not come from a further subdivision of SV-tetrahedron, unlike
the 2D case, because for an irregular tetrahedron barycenter and incenter are not
coincident.
2D and 2D axisymmetric simulations with Powell-Sabin nite element have not
been performed because it is not possible to solve the linear system directly or
through a standard iterative method. 3D Scott-Vogelius nite element, instead,
should be coupled with a cubic interpolation function for velocity in order to
guarantee the stability of the numerical method; since in Cast3M this kind of
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GIBI FECIT (a)
GIBI FECIT
(b)
Figure 1.2: Scott-Vogelius subdivision: (a) Original tetrahedron and its barycenter;
(b) Subdivision in 4 new tetrahedra.
shape functions are not directly implemented, we have tested this element with
QUAD/LINM shape functions also for the 3D case. As a result, the method is
still convergent, but the convergence order for pressure is very low (p ' 1).
It could be interesting for future works to adopt an iterated penalty method (as
[Zhang, 2011] suggests) to solve the linear system for both this two quadratic
divergence-free nite elements.
GIBI FECIT (a) GIBI FECIT (b) GIBI FECIT (c)
GIBI FECIT (d)
Figure 1.3: Powell-Sabin subdivisions: (a) Original tetrahedron and its incenter; (b)
First subdivision in 4 tetrahedra; (c) Further subdivision of the red tetra-
hedron in other three tetrahedra; (d) Exploded view.
All the results, obtained from the simulations mentioned above, are listed in
Appendix A. Hereinafter we will discuss only the most signicant test-cases,
inviting the reader, if interested, to refer to Appendix A for a complete view of
all the data.
Following plots and data are obtained from the 2D set of simulations rening the
grid, from 10 segments in each side to 160, halving at each step the value of x
(except for SV elements in which a division of 5 segments per side was chosen as
starting point, because the number of elements inside the square support is bigger
than in the other cases due to subdivisions). Even if in the majority of cases
velocity and pressure errors are not negligible, the convergence order globally
remains very high, which means that these errors should decrease quickly with
decreasing the mesh width. As mentioned above, velocity and pressure errors are
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GIBI FECIT (a) Triangular mesh. GIBI FECIT(b) Scott-Vogelius mesh. GIBI FECIT (c) Powell-Sabin mesh.
Figure 1.4: Comparison among tetrahedral meshes.
computed as the norm L2 of the dierence between the analytical solution and
the numerical one.
In Figures 1.5 and 1.6 velocity and pressure errors' trends are shown for the
regular squared grid, in which quadratic `shape functions' (QUAF) are adopted
for velocity interpolation, while linear discontinuous (LINM) `shape functions'
are chosen for pressure. The two simulations dier only in the way of imposing
boundary conditions. Anyway, as we can see, the adoption of a structured mesh
seems to led to very accurate numerical results with a convergence order higher
than expected (`super-convergent' behavior) in the rst case and an almost zero
solution for velocity in the second case. A similar behavior was found choosing
a linear interpolation for pressure (QUAF/LINE test-case), making the regular
square mesh a suitable candidate for further investigations.
For completeness, in Figure 1.7 the two velocity eld of QUAF/LINM test-cases
are compared, to show the inuence of the two dierent boundary conditions
on computations. As we can see, the maximum value of spurious velocities in
Figure 1.7(a) is in the vicinity of the center of the computational domain, where
the pressure is imposed, while in the other case, Figure 1.7(b), the point in which
the velocity has its maximum overlaps the node that has been removed in the
velocity boundary condition (equation (1.4)) in order to enforce the compliance
with zero divergence condition at the boundary.
To check if this last results are inuenced by the position of the node that has been
removed, another case was tested: instead of removing the node in the middle of
the upper side, the node closest to the point (0:2; 0:5) was chosen to avoid any
symmetry in the domain. Following this modication, it is possible to observe
only a slight dierence in the velocity eld, while velocity and pressure errors
are almost unchanged. To get a better understanding of the issue, in Table 1.2
computed velocity errors are given for the three cases decreasing the mesh size.
We consider now only the case with imposed pressure as boundary condition. It
has been seen that if the grid is made by an odd number of segments per side,
velocity error approaches 10 15, even with coarse meshes. This strange behavior
could be explained in terms of overall symmetry in the initial computational
settings: the pressure is imposed in the center of the central element of the
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Figure 1.5: Velocity and pressure errors' trend, decreasing the mesh size, for the test-
case with QUAF interpolation for velocity and LINM interpolation for
pressure with 2D square mesh. Pressure imposed on a single node as
boundary condition.
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Figure 1.6: Velocity and pressure errors' trend, decreasing the mesh size, for the test-
case with QUAF interpolation for velocity and LINM interpolation for
pressure with 2D square mesh. Zero divergence at the boundary.
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Velocity Field Max =  2.08244E−05
COMPOSANTES
VECTEURS
UX  UY
(a) umax = 1:61 10
 6m=s.
Velocity Field, Max =  9.19101E−14
COMPOSANTES
VECTEURS
UX  UY
(b) umax = 4:67 10
 15m=s.
Figure 1.7: Velocity eld for 2D structured mesh, QUAF/LINM shape functions, 10
10 grid. Boundary conditions: (a) Pressure imposed; (b) Zero divergence
at the boundary.
Table 1.2: Comparison among results obtained with dierent boundary conditions:
2D structured mesh with QUAF/LINM shape functions.
1=x
kuk2
Pressure imposed Node removed Node removed
in (0; 0) in (0; 0:5) in (0:2; 0:5)
10 1:61151 10 06 4:67232 10 15 5:15865 10 15
20 2:51561 10 08 2:01684 10 15 7:50506 10 15
40 3:92974 10 10 1:89302 10 15 1:41063 10 15
80 6:13979 10 12 8:46635 10 15 7:88000 10 15
160 9:90201 10 14 2:62869 10 14 2:55512 10 14
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domain leading to a more consistent compliance with balance equations.
Moving to the deformed square mesh, the error in our results increases while
convergence orders decrease (Figure 1.8). Despite this, convergence orders still
remain greater than theoretical ones, considerably reducing both errors at each
renement step. Another dierence with the structured grid is the fact that, as
we can see in Figure 1.9, the velocity eld becomes more chaotic, particularly
where the grid has the most pronounced distortions. Close to these zones the
velocity eld seems to be more curl-free instead of divergence-free (locally arrows
converge on (or diverge from) the nodes of the most distorted elements' corners),
not satisfying at the individual node the incompressibility equation. At elements'
level, on the other hand, divergence-free constrains are accomplished (note the
circular motion of the arrows around each element, which tend to compensate
each other).
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Figure 1.8: Velocity and pressure errors' trend, decreasing the mesh size, for the 2D
test-case with QUAF interpolation for velocity and LINM interpolation
for pressure, with deformed square mesh.
Triangular grids show an increase in the order of magnitude of spurious veloc-
ities; nevertheless, the order of magnitude remains equal to the theoretical one
(e.g. with QUAF/LINM shape functions) or becomes greater than that (e.g. for
Scott-Vogelius element), leading to more accurate results during the renement
process. An important aspect to point out is that even decreasing the order of
the approximating polynomial for velocity, from quadratic to linear (LINB/LINE
and LINC/CSTE+LINE cases), results don't change, while, at the same time,
the computational eort is lower. Following, two examples of triangular mesh are
reported: Scott-Vogelius one and the triangular one with LINB/LINE interpo-
lation functions. The rst one gives very good results both in terms of velocity
magnitude and convergence order; the second one is a so called `cheap grid', be-
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velocity field Max =  2.12561E−02
COMPOSANTES
VECTEURS
UX  UY
(a) Velocity eld: umax = 2:06 10
 2m=s .
Pression support QUAF
VAL − ISO
>−1.02E+00
< 8.27E−04
−0.99
−0.92
−0.84
−0.77
−0.70
−0.62
−0.55
−0.48
−0.40
−0.33
−0.26
−0.18
−0.11
−3.58E−02
(b) Pressure trend.
Figure 1.9: 2D deformed square mesh (10  10 grid) with QUAF/LINM shape func-
tions test-case.
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cause, as mentioned above, computational times are considerably reduced. In
Figure 1.10 mesh convergence analysis of SV-nite element is shown, while in
Figure 1.12 velocity eld and pressure distribution are plotted for a 1010 grid's
initial subdivision. It is easy to note that the velocity pattern is almost solenoidal,
which means that the SV-element is divergence-free. In Figures 1.11 and 1.13,
instead, results obtained from the simulations with the `cheap grid' are shown.
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Figure 1.10: Velocity and pressure errors' trend for 2D Scott-Vogelius mesh test-case.
x = 12xin
For 2D axisymmetric and 3D simulations only some nite elements have been
selected, as Table 1.1 shows, since it was not necessary, for our aim, to investigate
all the cases. This choice was made basically on considerations on previous results
(2D test-cases) and computational times.
2D axisymmetric cases' results almost reect the already exposed results. As an
example, in Figure 1.14 mesh convergence analysis for the deformed square grid
is presented.
Moving to 3D test-cases, we present results of structured mesh and Powell-Sabin
nite element test-cases. For the rst one, mesh convergence analysis is shown in
Figure 1.15 in which we can see that, as expected, very good results are achieved.
In fact, as already mentioned, the structured grid, even in 3D, seems to be the
one which gives the most satisfactory results in term of spurious velocities. For
computational reasons, for 3D test-cases the number of segment per side was
reduced in comparison to 2D or 2D axisymmetric simulations: for square grids
we start from 5 segments per side and then we doubled the number at each step,
until x = 0:025 l is reached.
For Powell-Sabin mesh convergence analysis, whose results are plotted in Fig-
ure 1.16, 2 2 2, 4 4 4, 8 8 8 and 12 12 12 grids are chosen for the
similarity with the 3D structured mesh in the number of element contained inside
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Figure 1.11: Velocity and pressure errors' trend for 2D triangular mesh with
LINB/LINE shape function test-case.
the computational domain. For example, for a 4  4  4 grid, after the further
subdivisions described above, we obtain 3 840 elements, a number of elements
that is of the same order of magnitude of a 10  10  10 structured grid. In
this case, results are not so accurate and the pressure convergence order is much
smaller than the theoretical one (p is equal to 0:5). These results dier from the
ones presented by Zhang in [Zhang, 2011] probably due to the fact that we do not
use an iterated penalty method to solve our system. Computed velocity eld and
pressure distribution are shown in Figure 1.17, where is also possible to better
understand how PS-tetrahedra grid looks like.
A the end, the achievements can be summarized as:
1. the structured mesh is the only one that allows us to get the exact solution
of the steady-state problem;
2. for all the unstructured meshes velocity and pressure errors, whose magni-
tudes depend on both type of mesh and accuracy level on approximation
functions, are no more negligible; however, convergence orders remain high
in almost all cases.
Following this analysis, a greater condence on steady-state results has been
gained and more solid bases have been established as starting point for transient
simulations.
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velocity field Max =  5.21197E−06
COMPOSANTES
VECTEURS
UX  UY
(a) Velocity eld: umax = 1:32 10
 6m=s .
Pression support QUAF
VAL − ISO
>−5.00E−01
< 5.00E−01
−0.46
−0.39
−0.32
−0.25
−0.18
−0.11
−3.55E−02
 3.60E−02
 0.11
 0.18
 0.25
 0.32
 0.39
 0.46
(b) Pressure trend.
Figure 1.12: 2D Scott-Vogelius nite element, 10 10 grid.
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velocity field Max =  3.33235E−03
COMPOSANTES
VECTEURS
UX  UY
(a) Velocity eld: umax = 3:30 10
 3m=s .
Pression support QUAF
VAL − ISO
>−5.01E−01
< 5.00E−01
−0.47
−0.39
−0.32
−0.25
−0.18
−0.11
−3.64E−02
 3.51E−02
 0.11
 0.18
 0.25
 0.32
 0.39
 0.46
(b) Pressure trend.
Figure 1.13: 2D triangular mesh with LINB/LINE shape function, 10 10 grid.
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Figure 1.14: Velocity and pressure errors' trend for 2D axisymmetric deformed square
mesh with QUAF/LINM shape functions test-case.
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Figure 1.15: Velocity and pressure errors' trend for 3D structured mesh with
QUAF/LINM shape functions test-case.
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Figure 1.16: Velocity and pressure errors' trend for 3D Powell-Sabin nite element
test-case.
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velocity field Max =  2.83640E−03
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VECTEURS
UX  UY  UZ
(a) Velocity eld: umax = 4:00 10
 4m=s .
Pression support QUAF
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(b) Pressure trend.
Figure 1.17: 3D Powell-Sabin nite element, 4 4 original grid.
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Chapter 2
Helium Transport
In this Chapter we present data obtained coupling Navier-Stokes problem with
the transport of a chemical species. Helium at room temperature was chosen for
these basic calculations because of its application in MISTRA experiments.
2.1 Statement of the problem
The problem consists in solving with an iterative method the following set of
equations [Studer et al., 2013]:
air
@u
@t
+ air(ru)  u =  rp+ airu+ (  air)g (2.1a)
r  u = 0 (2.1b)
He
@XHe
@t
+ Heu  (rXHe) = Her  (DHerXHe) (2.1c)
 = XHeHe + (1 XHe)air (2.1d)
associated to the following boundary and initial conditions:
uj
 = 0
HeDHe
@XHe
@n



= 0 (2.2a)
u(t = 0) = 0
XHe(t = 0; z) =
X0
2
[1  cos((z + 0:5))] ; (2.2b)
where XHe is Helium mass fraction and DHe is Helium mass diusion coecient.
Also in this case the Helium mass fraction distribution is described by a cosinu-
soidal prole in order to represent the stratication of Helium in the upper zone
of the computational domain.
To write the momentum equation (2.1a) we have assumed that  ' air; thanks to
this hypothesis the mixture's density appears only in the gravity term (Boussinesq
approximation), simplifying the computation. Moreover, equation (2.1c), that
refers to Helium mass balance, derives from the more general mass conservation
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equation of the single chemical species:
@(HeXHe)
@t
+r  (HeuXHe) = r  (HeDHerXHe) ; (2.3)
in which we have assumed that He is constant. Due to the fact that for standard
nite element r  u is solved in the pressure space, an important thing to note
is that moving form the continuum to the discretized domain, the equivalence
between equations (2.3) and (2.1c) is true only for x! 0.
As in the previous case, the analytical solution of the problem is u = 0, while
the Helium mass fraction depends only on z 8t:
XHe(t; z) =
X0
2
[1  cos((z + 0:5)) e 2DHet] : (2.4)
In the limit for t!1, the Helium mass fraction, XHe(1; z), tends to the spacial
average value of XHe(t = 0; z) (i.e. pure diusion process). Following results are
obtained assuming X0 = 0:1, air = 1:5 10
 5[Pa  s] and DHe = 10 5[m2=s].
As the steady-state solution of problem (1.4) for the velocity eld is non-zero for
some nite elements (see previous chapter), the diusion of a chemical species
could be aected by advective phenomena, that could lead to a deviation from
the exact solution. The aim is to solve these non-linear equations with a fully
implicit scheme in order to achieve a stable behavior without constraints (i.e.
CFL, von Neumann conditions). A rst order forward scheme has been chosen
for time discretization leading to the following linear system to solve:
1
t
Ghu
n+1
h + Ah(u
n+1
h ;u
n+1
h ) +D
T
h p
n+1
h + Lhu
n+1
h = Gh
unh
t
+ fnh

(2.5a)
Dhu
n+1
h = 0 (2.5b)
1
t
G0hX
n+1
He;h + A
0
h(X
n+1
He;h;u
n+1
h ) + L
0
hX
n+1
He;h =
1
t
G0hX
n
He;h : (2.5c)
The spacial operator A : V 2 ! V 1 is dened as follows:
A(u)w = h((r w)  u);w0i =
Z


((r w)  u) w0 d
 ;
where w is a general vector function transported by the velocity u, while the
other spatial operators are dened as previously. Two iterative loops are needed
to solve the discretized problem: an internal one, at each time step, due to non
linear advective terms, and an external one for time evolution.
To simplify Navier-Stokes discretized equations (2.5a) and (2.5b) and to speed
up calculations, the `projection method' has been applied to the 3D structured
mesh. This method consists in a decoupling of momentum equation from incom-
pressibility constraints, solving in two separate and consecutive steps velocity and
pressure eld, at each time iteration. First, we compute a u velocity, that does
not satisfy the incompressibility equation, through momentum equation and than
we use it to compute un+1 and pn+1. Unfortunately, during the decoupling pro-
cess we loose some accuracy due to the fact that we add non-physical boundary
conditions to the problem (cf. [Weinan and Liu, 1995]). For this reason it was
not possible to apply the projection method to the other 3D cases, because the
already relatively high velocity error tends to make the problem unstable.
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2.2 Results
Table 2.1 summarizes all the cases that have been computed, where US is the ab-
breviation for unstable, while the other acronyms remain the same as previously.
Table 2.1: List of test-cases for Helium transport problem.
Mesh Shape
Shape Function Space Dimension
Velocity Pressure 2D 2DAxisym 3D
Squares QUAF LINM X X X
Deformed Squares QUAF LINM US US US
Triangles (Scott-Vogelius) QUAD LINM X X X
Triangles LINB LINE X US US
Triangles LINC CSTE+LINE X US US
Triangles (Powell-Sabin) LINE CSTE - - X
Since the early stages of this analysis it has been noticed that the problem was
aected by a constrain on the t chosen for time iterations even though a fully
implicit scheme was used. The maximum time step found for the stability of
the computation turns out to be on the same order of magnitude of the inverse
of Brunt-Väisälä frequency, fBV , which characterizes the oscillation of a parcel
within a statically stable environment where the density gradient is negative:
fBV =
s
 g

@
@z
: (2.6)
To obtain the value of frequency, the density gradient was computed as the ratio
between , calculated where the density prole has the highest slope, and x,
the mesh size. As an example, for a simple 10  10 structured grid, assuming
X0 = 0:1,  = 1=fBV = 0:86s, while the maximum t, which ensures the stability
of the calculations, was found to be 0:8s.
The following gures plot the Helium mass fraction distribution along the vertical
axis (i.e. y for 2D test-cases, while z for 2D axisymmetric and 3D ones) after 5 000
seconds. The Helium diusion process tends to atten the curve until the whole
computational domain reaches the initial average value X0=2, when the mixing
process ends. Through the comparison between results obtained, rst, taking into
account both advection and diusion phenomena and, eventually, only diusion
phenomena (index PD, i.d. pure diusion), it is possible to determine the inu-
ence of spurious velocities in our calculations. In Figure 2.1, 2D, 2D axisymmetric
and 3D cases are plotted for a structured mesh coupled with QUAF/LINM shape
functions. As we can easily see, advection does not aect the diusion process
and, in all the three simulations, distribution curves t well pure diusion ones.
Scott-Vogelius and Powell-Sabin nite elements present a similar behavior for the
Helium mass fraction distribution but the computed velocity eld is far from the
exact solution, with a maximum velocity around 10 5[m=s], that is a rather high
value if compared to the structured mesh where the maximum value for velocity
oscillates around 9  10 11[m=s].
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Figure 2.1: Helium mass fraction distribution along vertical axis after 5 000 seconds,
for structured mesh with QUAF/LINM interpolation functions test-case:
(a) 2D; (b) 2D axisymmetric; (c) 3D. Legend: XHe computed trend,
XHe;PD pure diusion solution, XHe;0 initial distribution of Helium,
X0;avg initial average value (asymptotic value)
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Worse results are obtained adopting a triangular mesh with linear interpolation
functions for both velocity and pressure (LINB/LINE): as we can see in Figure 2.2,
the advection is not negligible and the Helium diusion process is enhanced, ac-
celerating the mixing inside the domain. Moreover for this case, as for the one
with two dierent pressure shape functions (LINC/CSTE+LINE), 2D axisym-
metric and 3D simulations are unstable even if a very small time-step (10 4s) is
used.1
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Figure 2.2: Helium mass fraction distribution along vertical axis after 5 000 seconds,
for 2D triangular mesh with LINB/LINE interpolation functions test-case.
The deformed square mesh, instead, is not stable in any case, maybe due to
the fact that, even for the steady-state computation, the magnitude of spurious
velocities is to high to not aect the transport of Helium (the computed velocity
eld make the computation divergent, since the equations of our problem do not
succeed in counterbalancing this non-physical ow).
To better explain these results, the local mass transfer Peclet number, Pem;x,
has been evaluated for all the cases. In a conservative point of view, it has been
dened as follows:
Pem;x =
umax L
D
where umax is the maximum velocity, computed as norm kk1, while L is the
characteristic mesh length, proportional to x. The proportionality constant
between L and x depends on the interpolating polynomial order; for example,
for linear shape functions this constant is equal to 1, while for quadratic shape
function it is 1=2.
It has been seen that Pem;x < 1 for all (stable) cases except for 2D triangular mesh
with LINB/LINE shape functions and 2D axisymmetric Scott-Vogelius mesh.
1An even smaller time step was not take into account because it would require a huge
computational eort.
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The dierence between these two cases is that, while the simple triangular mesh
presents an enhanced diusion of Helium, the SV one seems to be unaected by
advection phenomena.
Considering rst the `cheap grid', in Figure 2.3 Helium mass fraction prole at
5 000 seconds is plotted varying the mesh size. As we can see, the computed
prole tends to the analytical solution rening the mesh; this is due to the fact
that decreasing x also the velocity error decreases, resulting in the decreasing
of Pem;x (Pem;x / umaxx). In fact, as we reach a grid renement of 80 seg-
ments per side (orange curve), the Peclet number becomes lower than 1 and the
computed prole ts quite well the analytical solution (solid black curve). For
a more exhaustive description, in Table 2.2 maximum velocity (kk1), average
velocity (kk2) and grid Peclet number are listed decreasing the mesh size.
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Figure 2.3: Helium mass fraction distribution along vertical axis after 5 000 seconds,
decreasing the mesh size, for 2D triangular mesh with LINB/LINE inter-
polation functions test-case.
Table 2.2: Local Peclet number for 2D triangular mesh with LINB/LINE shape func-
tion test-case, decreasing the mesh size.
x kuk1 kuk2 Pem;x
0:1 3:09 10 3 1:10 10 3 30:9
0:05 3:88 10 3 1:48 10 3 19:4
0:025 2:03 10 3 7:65 10 4 5:1
0:0125 4:34 10 4 1:56 10 4 0:5
Regarding SV-mesh case, its strange behavior could probably be explained ob-
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serving the computed velocity eld, shown in Figure 2.4 compared with the one
obtained with the simple triangular grid described above. It is possible to note
that the velocity eld for the simple triangular mesh (gure on the right side)
presents a uniform distribution of arrows of the same length which means that the
velocity has an almost constant (absolute) value everywhere (see also Table 2.2,
where it is possible to note that average velocity values do not dier so much from
maximum velocity ones). In the SV-case (left side gure), instead, velocity has its
maximum on the symmetry axis and its amplitude tends to decrease approach-
ing the boundary. Therefore, SV-local Peclet number considerably varies moving
from the axis to the boundary, with a decreasing trend. This could probably be
the reason why on the whole computational domain there is a lower impact of ad-
vection phenomena (our estimation of Pem;x, based on the maximum computed
velocity, is perhaps too conservative).
Velocity Field Max =  1.93296E−03
COMPOSANTES
VECTEURS
UX  UY
(a) umax = 1:93 10
 3m=s.
Velocity Field Max =  3.08812E−03
COMPOSANTES
VECTEURS
UX  UY
(b) umax = 3:08 10
 3m=s.
Figure 2.4: Comparison between velocity patterns: (a) 2D axisymmetric Scott-
Vogelius velocity eld; (b) 2D triangular mesh with LINB/LINE shape
functions velocity eld.
At the end of all these simulations, the most signicant aspect to point out
is that in all the stable cases, except one, the computed Helium mass fraction
distribution coincide with the analytical solution, even if spurious velocities are
encoutered. This means that even if these spurious velocities are not negligible,
their magnitude is not big enough to inuence the transient results with transport
phenomena.
As previously, all the data regarding the computed velocity eld are listed in
Appendix B.
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Chapter 3
Helmholtz-Hodge Decomposition
In this Chapter we will focus on the Helmholtz-Hodge decomposition, a method
that could led to a signicant reduction of spurious velocities [Gounand, 2013].
The Helmholtz-Hodge decomposition consists in a subdivision of a vector eld in
three terms, a curl-free (or irrotational), a divergence-free (or solenoidal) and an
harmonic one, so that:
u = u + u + uh :
3.1 Steady-state Stokes problem
Considering the steady-state Stokes problem (1.4) in 2D, it is possible to write
the source term f(z) as a sum of the following terms:
f = r+ rot ; (3.1)
where
rot =
 @ 
@y
 @ 
@x

: (3.2)
Moreover, we have to introduce the denition of a scalar curl, that will be used
to simplify our equations (see relation (3.6)):
rotu =
@uy
@x
  @ux
@y

: (3.3)
The problem to solve can be rewritten simply as:
0 =  rp0 +r  (ru) + rot 
r  u = 0
u



= 0 ; (3.4)
whose analytical solution is: 0BB@
u
p0

 
1CCA =
0BB@
0
0
p
0
1CCA :
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The new pressure eld, or reduced pressure (p0), is obtained subtracting the scalar
potential of the source term, , to the pressure, p.
The unique solution of the decomposition is achieved only if the orthogonality
condition between r and rot is accomplished, i.e.Z


r  rot d
 = 0 : (3.5)
Since denitions (3.2) and (3.3) lead to div (rot()) = 0 and rotr() = 0, if we
integrate equation (3.5) by parts:Z


r  rot d
 =  
Z


(r  ( rot )) d
| {z }
=0
+
Z


(rot  n) d

= +
Z


(rotr) d
| {z }
=0
+
Z


 (r ^ n) d
 (3.6)
we obtain the following set of boundary conditions for the potentials, among
which just one is sucient for the computation:
1.  = 0 on 
;
2. rot  n = 0 on 
;
3.  = 0 on 
;
4. r ^ n = 0 on 
.
Then, the imposition of Neumann's boundary conditions allows us to compute
scalar and vector potentials through a simpler formulation of minimization prob-
lems:
min
2H1nR
Z


1
2
(r  u)2 d
 )
Z


(r  r   u  r) d
 = 0 8 (3.7)
min
 2H1nR
Z


1
2
(rot   u)2 d
 )
Z


(rot  rot    u  rot ) d
 = 0 8  :
(3.8)
Even if benets, achieved with this method, are partially reduced because of the
greater computational eort, results are very promising and, for this reason, the
Helmholtz-Hodge decomposition has been applied to some particular test-cases,
in which a greater level of accuracy is required. This is, for example, the case
of the deformed mesh domain, in which, as we saw in previous chapters, the
computed velocity eld is far from zero and its transient behavior is not stable.
By referring to the decomposition of the source term, in Figure 3.1 velocity and
pressure errors' trends are plotted with decreasing the mesh size (in this case
the pressure error is computed as norm L2 of the evaluated reduced pressure)
and it is possible to note that not only their values are very small, but also the
convergence order is high.
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If we compare these results with previous ones (lines marked with stars), two
aspects need to be underlined: rst, errors' order of magnitude is 5-times and
3-times lower than previously, respectively for velocity and pressure, and second,
as the convergence order is higher, if we further rene the mesh, we should obtain
even more accurate results. Comparing Figure 1.9(a) with Figure 3.2 it is also
possible to note the dierence between the two computed velocity elds, before
and after the decomposition. As we can see, the Hodge decomposition of the
source term acts on the velocity eld making it less chaotic and giving it mainly
a rotational motion (divergence-free eld).
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Figure 3.1: Mesh convergence analysis with Helmholtz-Hodge decomposition: 2D de-
formed square mesh with QUAF/LINM interpolation functions.
Moving to the 2D axisymmetric case we have to introduce new denitions of
curl for the divergence-free potential (cf. [Gopalakrishnan and Oh, 2012]) in the
Hodge decomposition. In fact, to satisfy equation (3.5) and to get the same
boundary conditions for potentials listed previously, denitions (3.2) and (3.3)
need to be rewritten as:
rot =
  @ 
@z
1
r
@( r)
@r

(3.9)
rotu =
@ur
@z
  @uz
@r

: (3.10)
As we can see in Figure 3.3, velocity and pressure errors are extremely reduced if
compared with results obtained from the simulations without the Hodge decom-
position. Moreover, as previously, convergence orders are optimal. In Figure 3.4
are also plotted the computed velocity eld and reduced pressure distribution for
a 10 20 grid. The characteristic whirling velocity pattern can be noted in this
case too.
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velocity field Max =  1.55318E−07
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VECTEURS
UX  UY
Figure 3.2: Velocity eld with Hodge decomposition of the source term: 2D de-
formed square mesh, 1010 grid, QUAF/LINM shape functions. umax =
1:54 10 7m=s.
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Figure 3.3: Mesh convergence analysis with Helmholtz-Hodge decomposition: 2D ax-
isymmetric deformed square mesh with QUAF/LINM interpolation func-
tions.
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Unlike the 2D and 2D axisymmetric cases, in 3D the divergence-free component,
 , is a vector function and the curl operator has the following denition:
rot =
0B@
@ z
@y
  @ y
@z
@ x
@z
  @ z
@x
@ y
@x
  @ x
@y
1CA ;
that satises equations (3.6) leading to the same boundary condition described
above. Then, the 3D Hodge decomposition of the body force could be written as:
f = r+ rot + fh ;
where fh is the harmonic part that could be written both as fh = rh or fh =
rot h. Since the solution is dened up to a scalar function (r(+Const) = r
and rot( +rf) = rot ), to get the unique solution of the problem, a gauge
condition needs to be imposed. The Coulomb gauge r h = 0 is assumed for its
simplicity. However, this condition alone is not sucient to achieve the unique
solution: as previously the orthogonality condition between r and rot needs
to be imposed.
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(a) Velocity eld: umax = 1:08 10
 7m=s . (b) Pressure trend.
Figure 3.4: 2D axisymmetric deformed square mesh (1020 grid) with QUAF/LINM
shape functions test-case with Hodge decomposition of the source term.
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The gauge condition, cited above, is used to compute  ; therefore, the minimiza-
tion problem (3.8) becomes:
min
 2H1nR
Z


1
2
[(rot   u)2 + (r  )2] d

)
Z


[rot  rot    u  rot  + (r  ) (r  )] d
 = 0 8  : (3.11)
Since in literature many authors (cf. [Auchmuty and Alexander, 2005],
[Tong et al., 2003]) have dealt with the 3D Hodge decomposition without impos-
ing any gauge condition, two kind of simulations have been performed:
(1) we compute  taking into account Coulomb gauge condition into the mini-
mization problem (equation (3.11));
(2) we compute  as described in equation (3.8).
As we can see from Table 3.1, the dierence in results between the two methods
is quite negligible. For this reason, hereinafter, we will refer only to method (1),
since it has more solid theoretical bases (cf. [Gounand, 2013]).
Table 3.1: Comparison among results obtained adopting two dierent method to com-
pute  : (1) with Coulomb gauge condition; (2) without any gauge condi-
tion.
1=x kuk2 kpk2 kuk1 kruk2
(1)
5 1:85333 10 05 1:36836 10 06 1:91167 10 04 3:65649 10 05
10 1:02972 10 06 6:15559 10 08 1:06594 10 05 2:07736 10 06
20 6:22238 10 08 3:42187 10 09 6:42486 10 07 1:21416 10 07
40 3:85931 10 09 2:09101 10 10 3:93478 10 08 7:42344 10 09
(2)
5 1:98503 10 05 1:47428 10 06 2:07265 10 04 3:88466 10 05
10 1:08200 10 06 6:70354 10 08 1:12417 10 05 2:14187 10 06
20 6:44379 10 08 3:71321 10 09 6:59996 10 07 1:24320 10 07
40 4:05000 10 09 2:28203 10 10 4:05491 10 08 7:63728 10 09
As for the previous cases, Hodge decomposition acts on velocity and pressure
errors strongly decreasing them (see Figure 3.5). A particular thing to note is
that the slope, p, for both pressure and velocity convergence orders at all cases
has a constant value of 4.
3.2 Helium transport
The Helmholtz-Hodge decomposition has also been applied to Helium transport
problem. The only dierence, compared to the steady-state case, consists in the
denition of the source term (c.f. equations (2.1) on page 35):
f =
  a
a
g :
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Figure 3.5: Mesh convergence analysis with Helmholtz-Hodge decomposition: 3D de-
formed square mesh with QUAF/LINM interpolation functions.
Thanks to the reduction in magnitude of the velocity eld, all the three simula-
tions (2D, 2D axisymmetric and 3D) show a stable behavior. Moreover, Helium
mass fraction prole after 5 000 seconds (250 seconds in 3D) ts perfectly pure
diusion solution for all the three cases (see Figure 3.6).
On the downside, the decomposition needs to be implemented inside the loop for
time iteration: both the minimization problems for evaluating  and  (or  for
the 3D simulation) have to be solved at each time-step, making the computa-
tional eort much heavier. This aects especially the 3D case and for this reason
some methods to lighten the calculation have been adopted. For example, the
approximation order for evaluating spacial integrals has been reduced: generally
the Gauss formula with 7th order polynomials is used, while in this case we have
limited the approximation to the 2nd order, that strongly reduces CPU time. We
have tried also to adopt the projection method to decouple Navier-Stokes equa-
tions in order to fasten even more the calculation but, after some iterations, the
method implemented into the code is not able to invert the matrix to solve the
system. For all these reasons, in the 3D case the time loop was stopped at 250
seconds, as mentioned above (as described in the following Chapter, the adoption
of a multigrid solver made possible to extend the period of the simulations also
in 3D).
In conclusion, as proven, the Hodge decomposition is a powerful method to reduce
computational errors; therefore, at the same time, it turns out to be convenient
only in 2D and 2D axisymmetric simulations because of the huge CPU time
required to compute divergence-free and curl-free potentials.
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Figure 3.6: Helium mass fraction distribution along vertical axis after 5 000 seconds
(250 seconds for 3D case), for deformed square mesh with QUAF/LINM
interpolation functions test-case after Hodge decomposition of the sorce
term: (a) 2D; (b) 2D axisymmetric; (c) 3D, zoom on 0 < z < 0:5. Legend:
XHe computed trend, XHe;PD pure diusion solution, XHe;0 initial distri-
bution of Helium, X0;avg initial average value (asymptotic value), XHe;ana
analytical solution.
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Chapter 4
Turbulence Model
Due to the fact that the computed velocity eld could dier from zero somewhere,
we have to take into account velocity gradients that could appear in some regions
of our computational domain and could lead to an enhanced diusion of chemical
species. In fact, this turbulent motion produces vortexes that promote the mixing,
altering simulation results.
To describe this additional shear eld, the gradient-diusion hypothesis is as-
sumed, in which the Reynolds stress tensor is proportional to the mean rate of
strain Sij [Pope, 2000]:
Reij = T
@ui
@xj
+
@uj
@xi

= 2TSij : (4.1)
In order to close our equations system, the turbulent viscosity (or eddy viscosity),
T , needs to be specied. A generalization of the algebraic mixing-length model
proposed by Smagorinsky (1963) was adopted to evaluate it:
T = `
2
m(2SijSij)
1
2 (4.2)
where the mixing length, `m, was set equal to the mesh size, x.
Following these assumptions, equation (2.1a) becomes:
air
@u
@t
+ air(ru)  u =  rp+r  (eru) + (  air)g (4.3)
where
e = air + airT : (4.4)
T is also used to compute the turbulent mass diusion coecient, DT :
DT =
T
Sc
(4.5)
De = Dair +DT (4.6)
where Sc is the Schmidt number, that it has been assumed equal to 0.7.
Simulations that have been conducted are the same listed in Table 2.1. The
only dierence with the simple transient case is that the turbulence model has
been added inside the internal loop to evaluate the inuence of turbulence on
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the velocity eld. Moreover, if the velocity eld is far from zero, an enhanced
diusion of Helium could occur, not only due to advective phenomena, but also
due to the increasing of the mass diusion coecient (see equation (4.6)).
The analyses presented in this Chapter are organized as follows:
1. rst the results, obtained from the interaction of the above described tur-
bulence model with the structured mesh, are presented;
2. following the unexpected behavior of transient simulations adopting a regu-
lar square grid, a lter on the turbulence viscosity has been added to avoid
the accumulation of numerical errors, that leads to a strong acceleration
of the mixing process; results so achieved are described in detail both for
structured and unstructured grids;
3. eventually, since the addition of this lter has not allowed us to dene a
simple criterion to determine `a priori' the behavior of transient simulations,
we have decided to neglect the lter, in order to nd a more suitable model
to describe the diusion process; with this aim a parametric study on the
mixing-length has been performed and a new realtion for evaluating the
mixing-length has been estimated.
4.1 Structured grid behavior
First simulations have been performed on the structured grid. In fact, since it does
not generate any spurious velocity, we expected that the turbulence model had
no impact on our solution. It has turned out, instead, that at each iteration some
accumulation eects occurred leading to a complete mixing of the domain only
after 1 000 seconds. In Figure 4.1 Helium mass fraction distribution and velocity
eld are presented for dierent time step. It is possible to note that just after few
seconds the maximum velocity rapidly increases and some incoherent structures
start to form in the center of the computational domain (Figure 4.1(b)). During
the time evolution this structures generate a big vortex that tends to grow in size
until it covers the majority of the domain. In this phase the advective motion
of the vortex enhanced the mixing, fastening the diusion process. After only
50 seconds (Figure 4.1(d)) the domain is almost well-mixed and the ow motion
tends to stratify, creating at horizontal vortexes along the vertical axis.
4.2 Filter on T
To avoid the formation of large vortexes, that enhance the mixing process, it
has been necessary to add a lter on T . This lter, f , acts on T summing
it to air only if it reaches a value of 1% air. The so obtained time evolution
of Helium mass fraction at node P(0;0.5) is illustrated in Figure 4.2, where it is
compared to the previous solution without considering the lter (`nf' in the plot).
An important thing to stress is that, since in this case the velocity eld remains
almost equal to zero during the whole transient (see results listed in Appendix C),
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Figure 4.1: Helium mass fraction distribution and velocity eld at dierent time step
for 2D structured mesh with QUAF/LINM interpolation functions test-
case with turbulence.
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P (0; 0:5) computed adding a lter on the eddy viscosity and the one
evaluated without the lter for 2D structured mesh with QUAF/LINM
interpolation functions.
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our solution is no more inuenced by the turbulence and the analytical solution
can be reached.
Results presented in the following are obtained applying this lter on the tur-
bulent viscosity so that comparisons among the simulations are possible. Also
in this case, the structured grid is the only one that leads to the exact solution
of the problem (see Figure 4.3), while in all the other cases spurious velocities
appear aecting computed results. Besides this, a strong diusion process occurs
in all the test-cases (except for the structured mesh) leading to a complete mix-
ing of the computational domain in a short time. In the following some detailed
examples are presented.
We refer rst to the deformed square mesh test-case, whose results for the 2D
case are shown in Figure 4.4. The gure on the upper part displays Helium mass
fraction prole along the vertical axis after 5 000 seconds; as we can see, the
Helium content is uniform on the whole domain. If we compare the computed
prole with the analytical solution (solid red line) it is possible to note that the
diusion process is strongly emphasized. In fact, if we focus on Figure 4.4(b), that
presents the variation in time of Helium content at node P (0; 0:5) (the middle
point of the upper side of the computational domain), it is possible to note that
the asymptotic value, X0;avg = X0=2 = 0:05, is reached only after 150 seconds,
while the analytical solution suggests a time of 30 000 seconds ca. to have a proper
mixing (1  e 2DHet = 95%). Moreover, there is also a loss of mass through the
hole created to impose boundary conditions as the computed asymptotic value is
lower than the analytical one (XHe(t!1; z) = 4:73 10 2 < X0;avg).
A similar trend has been observed in the 2D axisymmetric simulation, but in this
case the loss of mass through the hole is less marked than in the previous case
(see Figure 4.5(a)). In Figures 4.5(b) and (c) Helium mass fraction, maximum
eective viscosity and maximum velocity trends are presented as functions of
time. An important feature to note is that all the asymptotic values are reached
at the same time (t ' 300 seconds). As the timescale of these variables is the
same, it is possible to hypothesize that they are strongly connected to each other.
To better understand this enhanced diusion process and to dene which phe-
nomena are behind it, we have performed some deeper investigations on this
test-case. First we have computed the steady-state by imposing as source term
the initial distribution of Helium content and keeping unaltered the other pa-
rameters, evaluating the inuence of the turbulence on the velocity eld. Results
are plotted in dotted lines in Figures 4.5(b) and (c): as it possible to note, the
transient behavior at the beginning is coherent with the steady-state solution.
Now we focus on Figure 4.5(b), where the transient solution for Helium mass
fraction (green solid line) and the analytical one, evaluated taking into account
the mass diusion coecient computed in the steady-state case (Din;avg ' 2 
10 3[m2=s]) (blue dotted line) are compared. As we can see the two curves at
the beginning are overlapped showing the same pronounced slope, that leads to
a solution that diers a lot from the analytical one (blue solid line). So, we can
conclude that this enhanced diusion process is mainly due to the increasing of
mass diusion coecient: as a result of the spurious velocity eld, the turbulence
generates a mass turbulent diusion coecient, DT that is orders of magnitude
greater than the molecular one, leading to a faster mixing of chemical species
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Figure 4.3: Helium mass fraction distribution along vertical axis after 5 000 seconds,
for structured mesh with QUAF/LINM interpolation functions test-case
with turbulence:(a) 2D; (b) 2D axisymmetric; (c) 3D. Legend: XHe com-
puted trend, XHe;0 initial distribution of Helium, X0;avg initial average
value (asymptotic value), XHe;ana analytical solution.
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Figure 4.4: 2D deformed square mesh with QUAF/LINM interpolation functions test-
case with turbulence: (a) Helium mass fraction distribution along vertical
axis after 5 000 seconds; (b) Helium mass fraction time trend at node
P (0; 0:5).
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Figure 4.5: 2D axisymmetric deformed square mesh with QUAF/LINM interpolation
functions test-case with turbulence: (a) Helium mass fraction distribu-
tion along vertical axis after 5 000 seconds; (b) Helium mass fraction time
trend at node P (0; 0:5) ; (c) Maximum eective viscosity and maximum
velocity time trends. Legend: XHe;in analytical solution taking into ac-
count Din;avg, eff;max maximum eective viscosity, eff;max;in maximum
eective viscosity computed for t = 0, umax maximum velocity, umax;in
maximum velocity computed for t = 0.
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Table 4.1: Comparison among results obtained from steady-state calculations for dif-
ferent values of molecular viscosity: a. results described in Chapter 1; b.
changing m and x, so that Fo remains constant; b'. adding the turbu-
lence model.
m[m
2=s] x kuk2 kuk1 kruk2
a 0:01 0:1 1:25 10 3 6:59 10 3 6:45 10 3
b 1:5 10 5 0:1=26 1:47 10 3 1:69 10 2 8:06 10 3
b' 1:5 10 5 0:1=26 7:22 10 4 5:64 10 3 5:65 10 3
inside the computational domain.
Subsequently, results obtained through the steady-state model with turbulence
have been compared with ones described in Chapter 1 in order to verify the
correctness of the conclusions drawn above. First we have made a link between
the two dierent problems in order to compare results obtained with the simple
steady state model and then we have evaluated the eect of the turbulence on
our results. This link between the two initial setting was obtained taking into
account mesh Fourier number:
Fox =
m t
(x)2
;
where m is the molecular viscosity, and imposing its equivalence for both cases.
In this way it was possible to determine a value of x to compute a simulation
comparable with the previous case. In Table 4.1 results thus obtained are listed
and, as expected, orders of magnitude of velocity and pressure errors are the
same for both simulations (cf. cases (a) and (b) in Table 4.1). By applying the
turbulence model, we have observed an increase of viscosity and mass diusion
coecient, while maximum velocity remains almost constant (cf. cases (b) and
(b') in Table 4.1). These results are consistent with previous ones and, since the
velocity does not change by applying or not the turbulence model, we can state
that the reason of the mixing is not a spurious advection but an enhanced diusion
of Helium through vortexes motion. In fact if we compute the initial Peclet
number, that is an index of the importance of advective phenomena compared to
diusion phenomena, we nd Pex;in < 1.
Finally, the convergence of our results with decreasing the mesh size has been
tested. As we can see in Figure 4.6 mesh renement ameliorates results and
Helium mass fraction trend tends to approach the analytical solution.
The 3D case, as expected, shows a similar behavior characterized by a very fast
mixing process. In Figure 4.7 the Helium mass fraction trend in time is plotted.
For both regular and deformed square mesh the projection method has been
adopted to fasten the simulations.
As mentioned above, this improved mixing has been observed also for the trian-
gular meshes. As an example, in Figure 4.8 the Helium mass fraction trend is
presented as a function of time for 2D, 2D axisymmetric and 3D Scott-Vogelius
mesh test-cases. SV-nite elements tend to slow down the mixing process in com-
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Figure 4.6: Helium mass fraction time trend at node P (0; 0:5) for 2D axisymmetric
deformed square mesh with QUAF/LINM interpolation functions test-
case with turbulence, decreasing the mesh size from 0:1 l (10 segments per
side) to 0:025 l (40 segments per side).
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Figure 4.7: Helium mass fraction time trend for 3D deformed square mesh with
QUAF/LINM interpolation functions test-case with turbulence at node
P (0; 0:5; 0:5).
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parison with deformed square mesh simulations (t(XHe = X0;avg) ' 2 000sec), but
it still remains faster than the theoretical process.
At the end of this analysis we can conclude that spurious velocities can aect the
mixing process not only through advective phenomena, as we have explained in
Chapter 2, but also enhancing the local diusion through turbulent vortexes.
4.2.1 Helmholtz-Hodge decomposition
This transient problem coupled with the turbulence model has been tested also
with Helmholtz-Hodge decomposition for the deformed square mesh with QUAF
LINM shape functions test-case, but results are less satisfactory than expected.
Moreover, since the velocity eld with the Hodge decomposition has a circular pat-
tern (see Chapter 3), we have also tried to compute T through the rotational part
of the velocity gradient tensor, 
ij, as Baldwin and Lomax suggest [Pope, 2000],
to see if there could be any modications in our results. In Figure 4.9 trends of
maximum velocity and maximum eective viscosity are plotted as functions of
time: the gure in the upper part shows results obtained by applying Smagorinsky
model, while in the other case eddy viscosity is computed through the rotational
tensor. As we can see, the global trend and orders of magnitude of both variables
in the two cases are almost the same; the only dierence consists in the oscillating
trend that appears with the second model.
In Figure 4.10(a) Helium mass fraction trends in time, obtained by applying the
two dierent models, are compared (solid and dotted green lines). Despite the
oscillating behavior, Baldwin and Lomax model tends to slow down the mixing
process, but this is a very slight improvement: the delay in achieving a well mixed
condition is almost negligible. The black solid line in the graph represent data
obtained from the simulation without the Hodge decomposition, already shown
in Figure 4.4(a). In Figure 4.10(b) the same graph for the 2D axisymmetric case
is presented; in this case only the Smagorinsky model for turbulence has been
applied.
It is possible to underline that for coarse meshes improvements carried out by
Hodge decomposition, described in the previous chapter, are not so eective:
results are still far away from the exact solution and the mixing process ends in
a very small time (' 1 000 seconds for 2D and 2D axisymmetric cases).
To see if there could be any improvement rening the mesh, we have carried out
a convergence analysis on the axisymmetric case. As a result, we have found that
a x = 0:025l grid renement leads to an Helium distribution that ts perfectly
the analytical solution. In Figure 4.11 the results of the convergence analysis are
presented: solid lines indicate Helium mass fraction trends obtained adopting the
Helmholtz Hodge decomposition of the source term, while dotted lines represent
trends already shown in Figure 4.6. Up to now, the 2D axisymmetric deformed
square mesh, made by a 40  20 grid, with Hodge decomposition is the only
unstructured grid, that we have tested, that leads to the exact solution of the
transient problem coupled with turbulence.
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Figure 4.8: Helium mass fraction trend in time at node P (0; 0:5) (P (0; 0:5; 0:5)) for
Scott-Vogelius mesh test-cases with turbulence: (a) 2D; (b) 2D axisym-
metry; (c) 3D.
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Figure 4.9: Maximum velocity and maximum eective viscosity trends in time for 2D
deformed square mesh test-cases with Hodge decomposition and turbu-
lence: (a) Smagorinsky model; (b) Baldwin and Lomax model.
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Figure 4.10: Helium mass fraction trend in time at node P (0; 0:5) for deformed square
mesh test-cases with Hodge decomposition and turbulence: (a) 2D; (b)
2D axisymmetry.
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Figure 4.11: Helium mass fraction time trend at node P (0; 0:5) for 2D axisymmetric
deformed square mesh with QUAF/LINM interpolation functions test-
case with turbulence and Hodge decomposition of source term, decreasing
the mesh size from 0:1 l (10 segments per side) to 0:025 l (40 segments
per side).
4.2.2 Denition of an `a priori criterion' on T
Following this last promising result, we have decided to further investigate the
inuence of mesh rening in our results. More precisely we have hypothesized the
existence of a liming value of the mesh renement that leads to the exact solution.
To prove our hypothesis we have computed the steady-state of the 40  20 grid
axisymmetric case imposing as body force the distribution of Helium at t = 0, in
order to get the value of T based on the initial velocity distribution. The set of
equations that we have solved is:
rp  eu = f(z)
r  u = 0
u



= 0
f(z) =
He   air
air
XHe(t = 0; z) g
XHe(t = 0; z) =
X0
2
[1  cos((z + 0:5))] : (4.7)
It has been found that T;SS = T;max(t = 0) = 5:06  10 9[m2=s], a value that is
negligible compared to the molecular viscosity of the uid (air ' 3  103 T;SS).
Since the value of T remains lower than the value of the lter during the whole
transient, the computation is not aected by any spurious mixing and the exact
solution is achieved (see Figure 4.12).
At this point a general `a priori' criterion for choosing the appropriate mesh
renement is needed. The rst method we thought consist in imposing a limiting
value for T so that the error in the mixing process is almost negligible. To nd
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Figure 4.12: Helium mass fraction trend along the vertical axis after 5 000 seconds for
4020 2D axisymmetric deformed square mesh with QUAF/LINM inter-
polation functions test-case with turbulence and Hodge decomposition
of source term.
this value we rst assume as acceptable an error of 1% in Helium mass fraction
distribution at t = 5000 seconds and z = 0:5:
XHe(t = 5000; z = 0:5) =
X0
2
(1 + e 5000
2DHe) = 8:05  10 2 (4.8a)
XHe;1% = XHe   0:01 XHe = 7:97  10 2 : (4.8b)
Then, we compute the diusion coecient that leads to XHe;1% and from this
value we estimate the correspondent value of the eddy viscosity, T;1% = 3:79 
10 7[m2=s]. Now, comparing it with the value of the turbulent viscosity at the
steady state, T;SS, we can formulate an `a priori' criterion:
we aspect that , if T;SS < T;th = T;1%, the error in Helium mass
fraction distribution at t = 5000 seconds is lower that 1%,
since the whole transient is inuenced by the initial values of T and DT as
mentioned above. Once we prove its consistency, this criterion would allow us to
check if a particular type of mesh is suitable for solving this diusion problem,
without computing the entire transient simulation.
It is important to note that the threshold value that we have chosen is on the
same order of magnitude of the lter, f : if the turbulent viscosity is less than
0:01  air at each iteration, it is not taken into account in the computation and
then the computed solution should overlap the analytical one.
To test the consistency of our criterion we have rst considered the set of simula-
tions already presented in Figure 4.11 with axisymmetric deformed square grid.
As mentioned above, only the 40  20 grid coupled with Hodge decomposition
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Table 4.2: Turbulent viscosity evaluated at the steady state with the initial distribu-
tion of Helium for 2D axisymmetric deformed square grid, varying the mesh
size.
1=x Hodge T;SS kTk2
10 2:66 10 3 9:37 10 4
10 X 4:31 10 5 1:30 10 5
20 4:44 10 4 2:27 10 4
20 X 2:11 10 6 5:11 10 7
40 8:31 10 5 1:48 10 5
40 X 4:23 10 8 8:86 10 9
method leads to the exact solution, while the others are characterized by an en-
hanced mixing process. In Table 4.2 T;SS for each steady state simulation are
listed decreasing the mesh size.
What was not expected is that if we put in order the data presented in Table 4.2
increasing the value of T;SS (or kTk2), the steady-state simulations sequence
is dierent from the one shown in Figure 4.12, where transient evolutions are
plotted.
Moreover if we focus on the 2010 grid case coupled with Hodge decomposition, it
is possible to note that T;SS is one order of magnitude smaller than the molecular
viscosity. This means that the diusion process should be slightly inuenced by
the turbulent motion. Despite this, the transient is aected by some cumulative
processes that tend to increase errors (as described at the beginning of this Chap-
ter) and prevent from reaching the expected solution. To have a more detailed
view on this test case, in Figure 4.13 the computed transient evolution (line with
black points) and the analytical solution (blue dotted line), evaluated considering
as mass diusion coecient the one of the steady-state, are compared. As we can
see, the transient simulation shows a very fast mixing, leading to the well-mixed
condition only after 2 000 seconds. After these speculation we can conclude that
in this case the behavior of the transient is not coherent with the data obtained
from the steady-state computation, in contrast with what was assumed at the
beginning.
In Figure 4.13 the time evolution of T;max is also presented. The curve has
its maximum at the beginning of the transient but, unlike the other cases, this
maximum value does not coincide with T;SS. More precisely, max(T;max) '
6  10 4[m2=s], a value that is almost three orders of magnitude greater than
T;SS.
If we change the value of the lter imposing f = kTk2, T (t) = 0 8t, the
solution approaches the analytical one. This means that the threshold value for
T to achieve the exact solution is strongly connected with the ltering value.
To prove the validity of this argument, we have carried out some tests on dierent
types of meshes and renements at the steady state. The aim was to nd a
combination of parameters that leads to a solution that satises the relation
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Figure 4.13: Helium mass fraction time trend at node P (0; 0:5) and maximum turbu-
lent viscosity for 20  10 2D axisymmetric deformed square mesh with
QUAF/LINM interpolation functions test-case coupled with turbulence
model and Hodge decomposition method.
T;SS < T;th. Once it has been found, we have proceeded in checking its transient
behavior to see if the exact solution is truly achieved. During all these tests it has
emerged that the renement needed to decrease the value of spurious velocities
and so T up to the ltering value is very dense for the meshes seen so far, slowing
down considerably the simulations.
A good compromise between computational eort and results' accuracy has been
achieved applying Hodge decomposition of the source term to the test-cases with
triangular meshes. In fact, for example, we have found that the 2D axisymmetric
test-case with LINB/LINE shape functions coupled with Hodge decomposition
requires a 80 40 grid to reach T;SS = 1:95  10 8 < f . Results of the transient
simulation are presented in Figure 4.14, where it is possible to note that, as
expected, the analytical solution for Helium mass fraction is achieved.
The time evolution of T;max, in dotted line, is qualitatively similar to the previous
case with 2010 deformed square grid, showing a maximum value that is greater
than T;SS. However in this case the order of magnitude of the peak is the same of
the molcular viscosity and this is the reason why the transient is not characterized
by a fast mixing process. Moreover, to understand why the computation is not
aected by the value of the peak (that is still greater than T;1%), we have to
focus on Figure 4.15. It is possible to note that spurious velocities appear only
close to the axis, where velocity gradients are localized. This is stressed also in
Table 4.3, since the average value of u weighted on the computational domain,
kuk2, is signicantly lower than the maximum value, kuk1. Then, since T is not
negligible only in a small area close to the axis, its inuence in the computation
is too small to aect the whole transient simulation.
Also the 3D simulation with Hodge decomposition of the body force has shown
a strange behavior: not only the diusion process is strongly emphasized even if
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Figure 4.14: Helium mass fraction time trend at node P (0; 0:5) and maximum tur-
bulent viscosity for 80  40 2D axisymmetric triangular mesh with
LINB/LINE interpolation functions test-case coupled with turbulence
model and Hodge decomposition method.
Table 4.3: Transient simulation's results after 5 000 seconds for 80  40 2D axisym-
metric triangular mesh with LINB/LINE shape function coupled with tur-
bulence model and Hodge decomposition method.
kuk2 kuk1 kruk2
4:49 10 8 1:59 10 5 6:12 10 8
T;SS ' m, but also Helium mass fraction trend in time presents an initial slope
that is bigger than the one obtained without considering the Hodge decompo-
sition, as shown in Figure 4.16(a). As seen for the case with 20  10 deformed
square grid, if T;SS  1, but greater than the lter, it is not possible to pre-
dict qualitatively the transient evolution on the basis of the data obtained in the
steady state computations.
Then we can conclude that the chosen turbulent model coupled with a lter on
the turbulent viscosity allows us to predict the transient only in two cases:
1. if T;SS  m, the diusion process will be enhanced,
2. if T;SS < f , the computed time evolution will match the analytical solu-
tion,
while for f < T;SS  m accumulation eects could occur inuencing the results,
making impossible to dene a general `a priori' criterion.
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Figure 4.15: Velocity eld of 2D axisymmetric triangular mesh (80  40 grid) with
LINB/LINE shape functions test-case with Hodge decomposition of
source term.
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Figure 4.16: Helium mass fraction time trend at node P (0; 0:5) and maximum tur-
bulent viscosity for 3D deformed square mesh with QUAF/LINM inter-
polation functions test-case coupled with turbulence model: comparison
between results obtained with and without the Hodge decomposition.
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4.3 Parametric study on `m
The problem related to the lter choice and to the unpredictable transient be-
havior of the cases characterized by T;SS ' m has convinced us to do some
modication to the turbulence model with the aim to achieve better results with-
out adding any lter. For this reason we have rst compared results obtained
with and without the lter on the eddy viscosity, rening the mesh, for the 2D
axisymmetric deformed square mesh, in order to have a better idea on how the l-
ter inuences our results. In Figure 4.17 a comparison among the results already
shown in Figure 4.11 and the ones obtained neglecting the lter is presented. It
is important to note that, in the cases in which T;SS is great, the lter has no
eect on the transient evolution, while in the case in which T;SS becomes smaller
than f the right solution is achieved. In fact, an important dierence between
the simulations with and without the lter has been found only for the test case
with 40 20 grid, in which, as mentioned before, T;SS = 4:23  10 8[m2=s] < f .
Neglecting the lter, after few seconds some eddies start to originate randomly;
these eddies then begin to grow and to develop themselves across the entire do-
main. So, even if the mixing-length was set equal to 0:025m = x, the computed
ow creates vortexes characterized by a maximum dimension of almost 10x, as
it is possible to see in Figure 4.19(a), where the velocity eld at t = 1000 seconds
is presented.
Anyway, from Figure 4.17 it possible to infer that, decreasing the mesh size,
the computed solution approaches the analytical one, as pointed out previously.
The problem consists in understanding which phenomenon among the following
is responsible for this convergent behavior:
 the decrease of the mixing-length, or
 the decrease of the velocity gradient, or
 a combination of both.
For this reason we have performed a simulation on the 10  5 2D axisymmetric
deformed square grid with QUAF/LINM interpolation functions coupled with
Hodge decomposition imposing a value of 0:025 m for the mixing-length. Results
so obtained have been compared with the above described case with 4020 grid.
In both cases `m = 0:025 m, while we aspect that the accuracy in computing the
gradient of the velocity is strongly greater in the case with 40 20 grid. Then if
the coarser mesh presented a faster mixing process, it would mean that increasing
the velocity gradient accuracy we would obtain the exact solution. As Figure 4.18
shows, results are completely dierent from what we have predicted. From this
graph it is possible to infer that the parameter that inuences our results is
the mixing-length. Moreover we can conclude that the value of `m necessary to
achieve the analytical solution is not an absolute value (it does not depend only
on the physics of the problem), since for the 40 20 grid `m = 0:025 m does not
provide the exact solution.
Following this discovery, a parametric study on `m has been performed. We
have rst considered the 2D structured mesh with QUAF/LINM shape functions
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(a) Without Hodge decomposition
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Figure 4.17: Helium mass fraction time trend at node P (0; 0:5) for 2D axisymmet-
ric deformed square mesh with QUAF/LINM interpolation functions
test-case coupled with turbulence model: comparison between results
obtained with and without the lter on the turbulent viscosity.
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Figure 4.18: 2D axisymmetric deformed square mesh with QUAF/LINM shape func-
tions test-case with Hodge decomposition of the source term: comparison
between results obtained for the 4020 grid and the 105 grid, imposing
`m = 0:025 m for both cases.
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Figure 4.19: 2D axisymmetric deformed square mesh with QUAF/LINM shape func-
tions test-case with Hodge decomposition of the source term at t = 1000
seconds.
characterized by a 10  10 grid, searching for a criterion on `m in a case that
is not aected by any spurious velocity. In Figure 4.20(a) Helium mass fraction
trend in time is presented decreasing the value of `m. The analytical solution is
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Table 4.4: velocity eld's errors obtained from the parametric study on `m for the
10 10 2D structured mesh with QUAF/LINM shape functions.
`m[m] kuk2 kuk1 kruk2
0:1 9:88 10 4 3:80 10 3 2:38 10 4
0:05 2:13 10 3 9:25 10 3 5:62 10 3
0:03 4:72 10 4 2:75 10 3 1:17 10 4
0:025 6:32 10 14 7:09 10 13 1:54 10 14
obtained when
`m =
1
4
x (4.9)
as for the previous case. For completeness, in Table 4.4 velocity eld's errors are
listed for each simulation at t = 1000 seconds.
Then the 20 20 grid was tested. Also in this case the right solution is achieved
when the mixing-length reaches the value of 1=4x = 0:0125 m (see Figure
4.20(b)).
In the next step we have tested the 2D axisymmetric and 3D geometries and we
have found that relation 4.9 is still valid. Also the 2D, 2D axisymmetric and
3D deformed square meshes coupled with Hodge decomposition show the same
behavior, obtaining the analytical solution when `m = 1=4x is imposed (for the
3D case at t = 5000 s and z = 0:5m, the relative error in Helium content is almost
0:2%). An important eect to highlight is that a multigrid solver coupled with the
projection method has been adopted for the 3D case with Hodge decomposition
to speed up calculations. This improvement has allowed us to compute a 1 000 s
transient simulation in a relatively short period.
A parametric study on the mixing-length has also been performed on the 2D
triangular mesh with LINB/LINE shape functions coupled with Hodge decompo-
sition method. Through this last test we wanted to understand if decreasing the
accuracy of the interpolation functions, the threshold value for `m would change.
Results are presented in Figure 4.21, and also in this case relation 4.9 is veried.
At the end we can conclude that adding relation 4.9 to the Smagorinsky model
for the turbulence treatement and adopting the Helmholtz-Hodge decomposition
method to reduce spurious velocities inuence, pure diusion processes seem to
be well modeled. In fact all these modications have allowed us to reach the
analytical solution of the problem, preventing the formation of large eddies that
would have enhanced the mixing.
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(b) 20 20 grid.
Figure 4.20: Helium mass fraction time trend at node P (0; 0:5) for 2D structured
mesh with QUAF/LINM interpolation functions test-case coupled with
turbulence model: parametric study on `m.
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Figure 4.21: Parametric study on `m: 2D triangular mesh with LINB/LINE shape
functions test-case with Hodge decomposition of the source term.
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Chapter 5
Application to MISTRA Facility
In Chapter 4 we have succeeded in nding a relation for evaluating the mixing-
length in the Smagorinsky turbulence model that gives satisfactory results for
both quadratic and linear velocity interpolation functions. For unstructured grids
Helmholtz-Hodge decomposition method is also necessary to reduce the magni-
tude of spurious velocities, stabilizing therefore the computations. Following this
important result we have decided to test the validity of the model simulating the
diusion of Helium inside the containment-scaled facility MISTRA.
As rst attempt, we have performed a transient simulation adopting an axisym-
metric regular mesh coupled with QUAF/LINM shape functions for velocity and
pressure respectively. The geometry has been also slightly modied in order to
simplify meshing operations: the main vessel is represented through a simple
cylinder with a total height that is almost 10 cm higher (7:52 m instead of 7:4
m). The result is shown in Figure 5.1.
(a) (b)
Figure 5.1: MISTRA facility: (a) original vessel; (b) 2D axisymmetric representation
of MISTRA for regular square meshing.
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Since the size of the mesh is 0:08 m, we have imposed inside the turbulence
model `m = 0:02 m. The no-slip condition has been set at the wall, including
the boundary of condensers and inner vessel. To impose that the uid has to
satisfy incompressibility constrains, a hole has been made on the upper part
of the boundary. The initial distribution of Helium, that refers to INITIALA3
experimental test [Abdo et al., 2008], is presented in Table 5.1.
Table 5.1: Initial distribution of Helium for MISTRA simulations
z [m] XHe [-]
5:00 0:000
5:30 2:400  10 3
5:50 1:400  10 3
5:69 5:500  10 3
5:89 1:910  10 2
6:08 5:990  10 2
6:27 1:419  10 1
6:41 2:129  10 1
6:75 3:464  10 1
7:08 3:939  10 1
Results of the transient simulation are shown in the following gures. In Fig-
ure 5.2 velocity eld and Helium distribution at t = 5000 s are presented. As
expected the velocity eld originates some eddies close to the obstacles, but their
inuence on the diusion process seems to be negligible.
In Figure 5.3 the computed Helium mass fraction prole at t = 5000 seconds is
compared with experimental data. As we can see the black curve (CFD simula-
tion's results) ts well experimental measurements (pink dots) in the central zone,
while in the upper part of the vessel a more conservative estimation of Helium
content has been made by the code (the estimated Helium content is greater than
the expected one by a ' 5% relative error). The reason of this error is probably
linked to the larger Helium reservoir that we have taken into account in setting
the initial conditions: the Helium layer that we consider at the beginning of the
transient is ' 10 cm thicker than the real one. This trend can also be observed
in Figure 5.4 where Helium mass fraction evolution in time for dierent heights
is presented.
Eventually, we have performed another simulation adopting a triangular mesh:
the previous 2D axisymmetric domain has been modied cutting along the diag-
onal each square element; the result can be seen in Figure 5.5. The chosen inter-
polation functions are still QUAF/LINM respectively for velocity and pressure.
Furthermore the Helmholtz-Hodge decomposition method has been implemented
in our routine. Since in this case the grid is more rened and the decomposi-
tion procedure is added, we have decided to compute only the rst 1 000 s of the
transient evolution. Results are shown in Figures 5.5 and 5.6. Also in this case
some vortexes appear close to the obstacles while this time the Helium prole
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(b) Helium distribution.
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Figure 5.2: Pure diusion transient simulation on MISTRA facility with structured
mesh: results at t = 5000 s.
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Figure 5.3: Helium mass fraction trend along the vertical axis for r = 1:54 m at
t = 5000 s: comparison between computed results (structured mesh with
QUAF/LINM shape functions) and experimental data.
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Figure 5.4: Helium mass fraction evolution in time for dierent heights at r =
1:54 m: comparison between computed results (structured mesh with
QUAF/LINM shape functions) and experimental data.
along the vertical axis ts perfectly experimental data. Indeed, if we focus on
Figure 5.4 we can note that also for the structured grid computed results well
represent experimental measurements at t = 1000 seconds.
Concluding, in both cases, by applying the above mentioned turbulence model
to the diusion process, we have succeeded in achieving excellent results. To
validate the model further investigations are still needed, especially regarding
the interaction with a turbulent jet. However, these satisfactory results can be
considered as a solid starting point for future analyses.
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Figure 5.5: Pure diusion transient simulation on MISTRA facility with triangular
mesh (QUAF/LINM shape functions): results at t = 1000 s.
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Figure 5.6: Helium mass fraction trend along the vertical axis for r = 1:54 m at
t = 1000 s: comparison between computed results (triangular mesh with
QUAF/LINM shape functions) and experimental data.
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Conclusions
The aim of this work was to understand and solve some numerical issues related to
the modeling of gas transport and mixing inside a closed volume by CFD codes.
Thanks to the recent improvements in computers capabilities, in last decades
CFD codes capable of performing 3D simulations of containment facilities have
been developed. CFD codes, in fact, are powerful means to simulate containment
scenarios and prove the safety of nuclear power plants.
For this reason a couple of benchmarks have been launched by OECD with the aim
of validating CFD codes in modeling the erosion of a stratied atmosphere by a
plume or a jet for containment-scaled facilities. Following the comparison between
the computed results and the experimental data, some discrepancies appeared.
The reason of this error has been attributed to `spurious velocities' that appear
in the computation following the chosen numerical method. To evaluate the
inuence of these non-physical velocities in computations, deep investigations
have been performed regarding the transport process of chemical species. In
particular simple problems related to pure diusion processes, where the uid is
expected to be at rest, were considered.
In this work we have rst focused our attention in understanding how the coupling
of some numerical methods and types of meshes aects our results in simulating
the pure diusion process of Helium in a closed volume. As result we have found
that, adopting unstructured meshes, velocity's error strongly increases; moreover,
this error also depends on the accuracy of the shape functions chosen for velocity
and pressure interpolation. To decrease the magnitude of spurious velocities,
Helmholtz-Hodge decomposition method has been applied. This method consists
in splitting the source term in a curl-free potential and in a divergence-free one, so
that the pressure gradient has to balance completely the curl-free part while the
velocity eld is determined by the divergence-free component. In this way even
for those nite elements in which incompressibility constraints are not point-wise
satised, the velocity eld assumes a divergence-free behavior and its magnitude
is strongly decreased. This method has been adopted for those cases in which a
greater accuracy is requested for the stability of the computations.
Anyway, pure diusion transient simulations have proved that spurious velocities
do not aect our results improving the mixing through advective phenomena,
since their amplitude is small enough to not inuence the molecular diusion
with transport processes.
Subsequently, the transport problem has been coupled with a turbulence model
in order to evaluate their interaction. The `mixing-length model' has been chosen
for its simplicity; moreover, since it is an algebraic model, computational eorts
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added in solving the system are quite small. To close our problem a relation for the
mixing-length needs to be added. Our rst choice was to set the mixing-length
equal to the mesh size but during the simulations, for almost all the meshes,
including the structured one, the formation of a big central vortex has been
observed. These large eddies lead to the complete mixing of the computational
domain in a short period, enhancing the diusion process.
Following these unexpected results we have provided some changes in the tur-
bulence model to make it more suitable in modeling pure diusion processes. A
parametric study on the mixing-length has been performed for the structured
mesh and a simple relation for the threshold value of `m that allows us to achieve
the analytical solution has been estimated. The validity of this relation has been
proved also for the unstructured grid coupled with Hodge decomposition method
so that any inuence of spurious velocities has been avoided. Also for these cases
the analytical solution has been reached.
Finally, transient simulations on MISTRA facility have been performed to test the
interaction of the turbulence model with Helium diusion process in a more com-
plex geometry. The obtained results t well experimental measurements proving
the validity of our relation for evaluating the mixing-length.
In order to prove the general validity of our model, in the future the interaction
between a stratied layer and a turbulent jet should be evaluated, rst for simple
geometries and eventually for containment-scaled facilities. What we suggest
to do is to write a routine in which the value of the mixing-length could vary
locally, in order to be capable of considering the inuence of the jet as well as the
molecular diusion of chemical species.
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Appendix A
Mesh convergence results
Referring to Table 1.1 for the simulations that have been performed, following
listed data are obtained (note that hereinafter the following acronyms are used:
S for squares, DS for deformed squares, SV for Scott-Vogelius, T for triangular
and, eventually, PS for Powell-Sabin). Symbols in round brackets refer to dierent
type of initial settings for the computations:
() as pressure boundary condition, p = 0 was imposed at the center of the
computational domain;
() instead of imposing some boundary condition for pressure, the `zero-divergence
condition' was assessed at the boundary of the computational domain;
() the body force is dened as constant at the center of each nite element.
1. 2D test-cases
1=x kuk2 kp  panak2 kuk1 kruk2
S-QUAF/LINM
()
10 1:61151 10 06 3:36293 10 05 2:08244 10 05 7:01832 10 06
20 2:51561 10 08 4:19901 10 06 6:47572 10 07 2:20014 10 07
40 3:92974 10 10 5:24702 10 07 2:02123 10 08 6:88078 10 09
80 6:13979 10 12 6:55821 10 08 6:31437 10 10 2:15066 10 10
160 9:90201 10 14 8:19761 10 09 1:97439 10 11 6:73013 10 12
S-QUAF/LINM
()
10 4:67232 10 15 3:37149 10 05 9:19101 10 14 1:10786 10 14
20 2:01684 10 15 4:20145 10 06 1:20031 10 14 5:63000 10 15
40 1:89302 10 15 5:24777 10 07 9:90280 10 14 1:36513 10 14
80 8:46635 10 15 6:55845 10 08 9:99424 10 13 1:15966 10 13
160 2:62869 10 14 8:19793 10 09 5:73714 10 12 6:62736 10 13
S-QUAF/LINE
()
10 1:81215 10 04 1:09579 10 05 6:77902 10 04 1:24067 10 03
20 1:10656 10 05 9:85584 10 07 4:33184 10 05 1:61582 10 04
40 6:84087 10 07 8:80866 10 08 2:72231 10 06 2:05934 10 05
80 4:25369 10 08 7:83129 10 09 1:70378 10 07 2:59872 10 06
160 2:65204 10 09 6:94249 10 10 1:06523 10 08 3:26371 10 07
S-QUAF/LINE
()()
10 3:60286 10 16 5:99859 10 04 9:77294 10 16 7:45581 10 16
20 3:81398 10 16 1:54347 10 04 1:47105 10 15 1:18131 10 15
40 6:78907 10 16 3:88635 10 05 4:89928 10 15 3:01987 10 15
80 1:70773 10 15 9:73362 10 06 1:97600 10 14 9:34421 10 15
160 5:48080 10 15 2:43453 10 06 3:36596 10 14 1:68781 10 14
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1=x kuk2 kp  panak2 kuk1 kruk2
DS-QUAF/LINM
()
10 3:60868 10 03 5:55728 10 04 2:06356 10 02 1:95860 10 02
20 2:82160 10 04 1:62741 10 04 2:92050 10 03 3:97693 10 03
40 2:33038 10 05 3:33314 10 05 3:85032 10 04 7:39449 10 04
80 1:97883 10 06 6:34562 10 06 5:20344 10 05 1:33560 10 04
160 1:71207 10 07 1:09124 10 06 6:79790 10 06 2:38449 10 05
DS-QUAF/LINM
()
10 3:60568 10 03 5:50521 10 04 2:06354 10 02 1:95842 10 02
20 2:81949 10 04 1:58966 10 04 2:92045 10 03 3:97634 10 03
40 2:32956 10 05 3:22965 10 05 3:85032 10 04 7:39410 10 04
80 1:97849 10 06 6:02756 10 06 5:20335 10 05 1:33557 10 04
160 1:71203 10 07 1:09066 10 06 6:79793 10 06 2:38448 10 05
DS-QUAF/LINE
()
10 9:87296 10 04 5:55171 10 05 4:86297 10 03 4:40545 10 03
20 6:03579 10 05 3:82802 10 06 5:45596 10 04 6:36666 10 04
40 5:70375 10 06 4:04524 10 07 7:71258 10 05 1:10782 10 04
80 4:99735 10 07 6:42640 10 08 1:03934 10 05 1:91028 10 05
160 4:36032 10 08 7:16707 10 09 1:35152 10 06 3:32759 10 06
DS-QUAF/LINE
()()
10 1:71444 10 03 4:92895 10 04 6:16253 10 03 4:02266 10 03
20 4:50893 10 04 1:52205 10 04 1:71219 10 03 9:65163 10 04
40 1:15532 10 04 3:86707 10 05 4:40176 10 04 2:38389 10 04
80 2:90860 10 05 9:94337 10 06 1:10923 10 04 5:93258 10 05
160 7:28466 10 06 2:49465 10 06 2:77916 10 05 1:48048 10 05
T-QUAF/LINM
()
10 1:34962 10 04 2:89660 10 04 8:14287 10 04 1:00464 10 03
20 1:16898 10 05 6:66945 10 05 1:33608 10 04 1:91572 10 04
40 6:34081 10 07 1:67365 10 05 1:28207 10 05 2:20483 10 05
80 5:74454 10 08 4:19867 10 06 1:21743 10 06 4:10396 10 06
160 5:84006 10 09 1:03290 10 06 1:82188 10 07 8:61564 10 07
T-QUAF/LINE
()
10 1:09956 10 03 4:90101 10 05 4:65275 10 03 5:61824 10 03
20 1:02185 10 04 8:85814 10 06 7:88639 10 04 1:14439 10 03
40 8:16113 10 06 4:43417 10 06 5:38570 10 05 2:32560 10 04
80 9:51725 10 07 1:67416 10 07 5:62663 10 06 5:61093 10 05
160 1:15281 10 07 2:18208 10 08 7:70086 10 07 1:38017 10 05
SV-QUAD/LINM
()
5 2:76065 10 05 1:42005 10 04 1:25436 10 04 5:37054 10 05
10 1:32466 10 06 1:60846 10 05 5:20998 10 06 2:81830 10 06
20 7:01455 10 08 1:70717 10 06 3:50416 10 07 1:44337 10 07
40 1:15165 10 09 1:78711 10 07 5:42682 10 09 3:49594 10 09
80 3:78484 10 11 2:14054 10 08 1:53006 10 10 1:51758 10 10
T-LINB/LINE
()
10 8:29103 10 04 1:19851 10 03 3:30337 10 03 4:76989 10 03
20 8:21599 10 05 1:24262 10 04 6:06201 10 04 1:01591 10 03
40 7:98446 10 06 7:05106 10 06 4:29822 10 05 2:25849 10 04
80 1:01265 10 06 9:69660 10 06 5:31517 10 06 5:53337 10 05
160 1:44285 10 07 5:56712 10 07 7:05328 10 07 1:36871 10 05
T-LINC/CSTE+LINE
()
10 4:16543 10 05 2:25644 10 04 1:72418 10 04
20 2:03148 10 06 1:68251 10 05 1:62136 10 05
40 8:76888 10 08 5:88791 10 07 1:45187 10 06
80 4:88594 10 09 4:96840 10 08 1:63647 10 07
160 2:81568 10 10 3:30986 10 09 1:91146 10 08
DS-HODGE()
10 3:74438 10 08 1:79792 10 07 1:53882 10 07 8:20109 10 07
20 2:22627 10 09 1:02150 10 08 9:62089 10 09 4:77054 10 08
40 1:37215 10 10 6:21072 10 10 5:98389 10 10 2:88837 10 09
80 8:54717 10 12 3:82952 10 11 3:72407 10 11 1:78706 10 10
160 5:33762 10 13 2:34869 10 12 2:32508 10 12 1:11362 10 11
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2. 2D axisymmetric test-cases
1=x kuk2 kp  panak2 kuk1 kruk2
S-QUAF/LINM
()
10 5:27163 10 15 2:98791 10 05 7:14330 10 14 1:27784 10 14
20 8:61995 10 16 3:72344 10 06 9:44512 10 15 3:57329 10 15
40 6:22848 10 16 4:65071 10 07 3:42431 10 15 4:47034 10 15
80 1:58274 10 15 5:81227 10 08 1:46177 10 13 2:65166 10 14
160 5:30467 10 15 7:26503 10 09 1:00175 10 12 1:74644 10 13
DS-QUAF/LINM
()
10 1:24505 10 03 1:73606 10 04 6:58951 10 03 6:44710 10 03
20 9:82271 10 05 4:87338 10 05 1:09652 10 03 1:34974 10 03
40 8:06215 10 06 1:05167 10 05 1:39922 10 04 2:53474 10 04
80 6:83703 10 07 1:99857 10 06 1:74918 10 05 4:59819 10 05
160 5:91043 10 08 3:64254 10 07 2:18889 10 06 8:22608 10 06
SV-QUAD/LINM
()
5 2:05639 10 04 1:33162 10 04 8:55230 10 04 5:96636 10 04
10 1:42236 10 05 2:06396 10 05 1:11431 10 04 9:56835 10 05
20 9:19089 10 07 2:27274 10 06 1:36187 10 05 1:32421 10 05
40 6:15710 10 08 2:60806 10 07 1:70556 10 06 1:85053 10 06
80 3:59320 10 09 2:89497 10 08 2:06632 10 07 2:27538 10 07
T-LINB/LINE
()
10 5:46688 10 04 2:60515 10 04 1:80695 10 03 3:67497 10 03
20 6:16374 10 05 4:65322 10 05 2:89214 10 04 8:31298 10 04
40 6:86349 10 06 7:33358 10 06 4:77240 10 05 1:95388 10 04
80 8:20105 10 07 8:15764 10 06 3:33528 10 06 4:86274 10 05
160 1:02928 10 07 1:58888 10 07 4:31457 10 07 1:20226 10 05
T-LINC/CSTE+LINE
()
10 8:73761 10 04 9:49023 10 03 3:02172 10 03
20 1:59256 10 04 4:80519 10 03 1:11995 10 03
40 2:68803 10 05 2:22569 10 03 3:87371 10 04
80 4:67555 10 06 1:01039 10 03 1:30458 10 04
160 8:08161 10 07 3:50926 10 04 3:97721 10 05
DS-HODGE()
10 5:30921 10 07 5:70173 10 08 2:13294 10 06 1:65967 10 06
20 2:98693 10 08 2:86763 10 09 1:08096 10 07 9:10602 10 08
40 1:82190 10 09 1:73366 10 10 6:47496 10 09 5:40991 10 09
80 1:13230 10 10 1:07586 10 12 4:01600 10 10 3:33041 10 10
160 7:06725 10 12 6:70227 10 13 2:49849 10 11 2:07300 10 11
3. 3D test-cases
1=x kuk2 kp  panak2 kuk1 kruk2
S-QUAF/LINM
()
5 2:58744 10 15 2:73007 10 04 7:12855 10 15 4:19326 10 15
10 8:74606 10 14 3:37149 10 05 1:60480 10 13 7:77840 10 14
20 3:74913 10 14 4:20145 10 06 9:57691 10 14 4:59103 10 14
40 1:15190 10 14 5:24777 10 07 2:93244 10 14 1:60933 10 14
DS-QUAF/LINM
()
5 6:93237 10 03 7:87484 10 04 5:88804 10 02 1:89503 10 02
10 6:60577 10 04 2:16077 10 04 1:29542 10 02 4:48017 10 03
20 5:40868 10 05 4:49121 10 05 2:37774 10 03 8:62365 10 04
40 4:51339 10 06 7:93644 10 06 3:49977 10 04 1:57022 10 04
SV-QUAF/LINM
()
8 6:15101 10 04 1:87368 10 02 5:09955 10 03 1:17400 10 03
16 6:16961 10 05 8:38182 10 03 3:78775 10 04 2:36199 10 04
24 1:42404 10 05 4:73658 10 03 7:81439 10 05 8:06777 10 05
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1=x kuk2 kp  panak2 kuk1 kruk2
T-LINB/LINE
()
4 5:21523 10 02 4:58406 10 02 0:18543 0:20706
8 1:23968 10 02 1:03921 10 02 4:56800 10 02 0:11098
16 3:00308 10 03 2:64822 10 03 1:14279 10 02 5:64851 10 02
32 7:40110 10 04 7:91510 10 04 2:85661 10 03 2:84086 10 02
T-LINC/CSTE+LINE
()
4 2:46202 10 02 3:56922 10 02 3:73326 10 02
8 3:37282 10 03 4:54487 10 03 9:88355 10 03
16 4:38533 10 04 5:68344 10 04 2:53434 10 03
32 5:58379 10 05 7:10267 10 05 6:41328 10 04
PS-QUAD/LINM
()
2 1:74994 10 03 0:10050 7:55929 10 03 3:23683 10 03
4 3:99926 10 04 7:58946 10 02 2:83639 10 03 8:32651 10 04
8 3:96580 10 05 5:57610 10 02 2:66665 10 04 1:59052 10 04
12 8:91253 10 06 4:74503 10 02 5:60907 10 05 5:30554 10 05
DS-HODGE()
5 1:85333 10 05 1:36836 10 06 1:91167 10 04 3:65649 10 05
10 1:02972 10 06 6:15559 10 08 1:06594 10 05 2:07736 10 06
20 6:22238 10 08 3:42187 10 09 6:42486 10 07 1:21416 10 07
40 3:85931 10 09 2:09101 10 10 3:93478 10 08 7:42344 10 09
If we focus on the rst four cases here presented, that refer to the 2D regular
square mesh, we can underline that the adoption of a structured grid is a necessary
condition to achieve the exact solution, but it is still not sucient. In fact, even
if the nodes in which the pressure is dened coincide with the isobaric lines, in
some cases a non-zero velocity eld is computed (depending on the boundary
conditions imposed). This behavior was also observed in [Gerbeau et al., 1997],
Chapter 2, where the authors tested a particular grid obtained from an horizontal
translation of the vertical lines, thus maintaining the horizontal interfaces parallel
to the isobaric lines. As a result, the computed velocity eld still diers from zero,
highlighting the fact that a right position of the interfaces is not sucient to get
the analytical solution.
Always referring to [Gerbeau et al., 1997], we have tested the projection method
for the forcing term explained in Chapter 4; the results so obtained are marked
by the () symbol. As we can see, this method seems to be eective only for the
structured grid.
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Appendix B
Helium transport results
Referring to Table 2.1 for the simulations that have been performed, following
data are obtained (t = 5000 s):
1. 2D test-cases
x t[s] kuk2 kuk1 kruk2
S-QUAF/LINM 0:1 0:5 4:56 10 12 8:63 10 11 1:04 10 12
DS-QUAD/LINM 0:1 - - - -
SV-QUAD/LINM 0:2 0:5 2:94 10 6 1:71 10 5 1:15 10 6
T-LINB/LINE 0:1 0:1 1:10 10 3 3:09 10 3 3:88 10 4
T-LINC/CSTE+LINE 0:1 0:1 3:82 10 5 1:66 10 4 5:76 10 6
PS-QUAD/LINM - - - - -
DS-HODGE 0:1 0:5 8:19 10 6 3:64 10 5 1:99 10 6
2. 2D axisymmetric test-cases
x t [s] kuk2 kuk1 kruk2
S-QUAF/LINM 0:1 0:5 3:19 10 12 4:13 10 11 7:20 10 13
DS-QUAD/LINM 0:1 - - - -
SV-QUAD/LINM 0:2 0:5 1:70 10 4 1:90 10 3 6:26 10 5
T-LINB/LINE 0:1 - - - -
T-LINC/CSTE+LINE 0:1 - - - -
PS-QUAD/LINM - - - - -
DS-HODGE 0:1 0:5 8:84 10 7 6:73 10 6 2:31 10 7
3. 3D test-cases
x t [s] kuk2 kuk1 kruk2
S-QUAF/LINM 0:1 0:5 1:90 10 13 8:11 10 13 2:31 10 14
DS-QUAD/LINM 0:1 - - - -
SV-QUAD/LINM 0:25 0:5 7:21 10 6 5:86 10 5 2:62 10 6
T-LINB/LINE 1=6 - - - -
T-LINC/CSTE+LINE 1=6 - - - -
PS-QUAD/LINM 0:25 0:1 1:13 10 5 6:19 10 5 4:43 10 6
DS-HODGE (250 s) 0:1 0:1 4:72 10 3 4:37 10 2 1:22 10 3
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Appendix C
Turbulence model results
Referring to Table 2.1 for the simulations that have been performed, following
data are obtained (t = 5000 s):
1. 2D test-cases
x t[s] kuk2 kuk1 kruk2
S-QUAF/LINM 0:1 0:5 2:35 10 13 3:33 10 12 6:37 10 14
DS-QUAD/LINM 0:1 0:1 6:52 10 3 2:33 10 2 1:60 10 2
SV-QUAD/LINM 0:2 0:1 1:52 10 4 4:05 10 4 1:82 10 5
T-LINB/LINE 0:1 0:1 1:23 10 4 2:73 10 4 2:70 10 5
T-LINC/CSTE+LINE 0:1 0:1 1:67 10 4 4:36 10 4 1:62 10 5
PS-QUAD/LINM - - - - -
DS-HODGE 0:1 0:1 1:68 10 4 4:72 10 4 1:82 10 5
2. 2D axisymmetric test-cases
x t [s] kuk2 kuk1 kruk2
S-QUAF/LINM 0:1 0:5 1:76 10 12 1:97 10 11 5:43 10 13
DS-QUAD/LINM 0:1 0:1 2:96 10 3 1:73 10 2 5:61 10 3
SV-QUAD/LINM 0:2 0:1 8:64 10 5 2:77 10 4 1:55 10 5
T-LINB/LINE 0:1 0:1 1:07 10 4 3:79 10 4 2:90 10 5
T-LINC/CSTE+LINE 0:1 0:1 7:72 10 5 4:54 10 4 1:47 10 5
PS-QUAD/LINM - - - - -
DS-HODGE (500 s) 0:1 0:1 1:23 10 4 6:67 10 4 1:87 10 5
3. 3D test-cases
x t [s] kuk2 kuk1 kruk2
S-QUAF/LINM 0:1 0:5 1:90 10 13 7:95 10 13 2:29 10 14
DS-QUAD/LINM 0:1 0:1 2:92 10 3 2:82 10 2 5:45 10 3
SV-QUAD/LINM 0:25 0:05 5:37 10 5 1:72 10 4 8:05 10 6
T-LINB/LINE 1=6 - - - -
T-LINC/CSTE+LINE 1=6 0:1 4:20 10 5 8:48 10 5 1:07 10 5
PS-QUAD/LINM 0:25 0:05 1:13 10 5 6:19 10 5 4:43 10 6
DS-HODGE 0:1 0:1 1:77 10 3 5:17 10 3 5:78 10 4
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